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In this paper, we review the use of parity as a detection observable in quantum metrology as well as introduce some
original findings with regards to measurement resolution in Ramsey spectroscopy and quantum non-demolition (QND)
measures of atomic parity. Parity was first introduced in the context of Ramsey spectroscopy as an alternative to atomic
state detection. It was latter adapted for use in quantum optical interferometry where it has been shown to be the optimal
detection observable saturating the quantum Cramér-Rao bound for path symmetric states. We include a brief review of
the basics of phase estimation and the connection between parity-based detection and the quantum Fisher information
as it applies to quantum optical interferometry. We also discuss the efforts made in experimental methods of measuring
photon-number parity and close the paper with a discussion on the use of parity leading to enhanced measurement
resolution in multi-atom spectroscopy. We show how this may be of use in the construction of high-precision multi-
atom atomic clocks.
We dedicate this paper to the memory of Jonathan P.
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2I. INTRODUCTION
Observables in quantum mechanics, which are generally
based on their classical counterparts, are represented as
Hermitian operators in Hilbert space due to the fact that such
operators possess real eigenvalues. According to orthodox
quantum mechanics, the measurement of an observable
returns a corresponding eigenvalue of the operator with
probabilities of obtaining specific eigenvalues determined
by the details of the prepared state vector. Usual quantum
observables most commonly discussed are energy, position,
momentum, angular momentum, etc., all of which have
classical analogs. The spin degree of freedom of an electron
is often taken as a quantum observable with no classical
analog which, of course, is true in the sense that it is not
possible to make sense classically out of the notion of a
point particle having spin angular momentum. Yet spin
angular momentum itself surely exists in the classical world
of macroscopic objects.
The same cannot be said, however, for the concept of
photon-number parity. Let |n〉, where n ∈ Z+, be a Fock
state for a single-mode quantized electromagnetic field. The
photon-number parity of the state is defined as the evenness
or oddness of the number as quantified by (−1)n. We define
the usual boson operators aˆ and aˆ†, the annihilation and
creation operators of the field, respectively, which satisfy
the usual commutation relation
[
aˆ, aˆ†
]
= 1 and the number
operator nˆ = aˆ†aˆ such that nˆ |n〉 = n |n〉. In terms of these
operators, one can introduce the photon number parity
operator Πˆ = (−1)aˆ†aˆ = eipi aˆ†aˆ such that Πˆ |n〉 = (−1)n |n〉.
The eigenvalues of this operator are dichotomic and thus
highly degenerate. While it is clear that Πˆ is Hermitian and
thus constitutes an observable, it can also be shown that there
exists no classical analog to photon number parity. This can
be demonstrated by considering the energies of the quantized
field: while these energies are discrete (i.e. En = h¯ω
(
n+ 12
)
),
the energies of a classical field are continuous.
The parity operator makes frequent appearances in quantum
optics and quantum mechanics. For example it has been
pointed out that the quasi-probability distribution known as
the Wigner function12 can be expressed in terms of the ex-
pectation value of the displaced parity operator3 given for a
single-mode field as
W (α) =
2
pi
〈Dˆ(α)Πˆ Dˆ† (α)〉 (1)
where Dˆ(α) = eα aˆ†−α∗aˆ is the usual displacement operator
familiar from quantum optics, and where α is the displace-
ment amplitude generally taken to be a complex number.
This relationship is the basis for reconstructing a field state
through quantum state tomography4. The parity operator has
also appeared in various proposals for testing highly excited
entangled two-mode field states for violations of a Bell’s
inequality5.
Another field in which parity sees use is quantum metrology,
where it serves as a suitable detection observable for reasons
we will endeavor to address. Quantum metrology is the sci-
ence of using quantum mechanical states of light or matter in
order to perform highly resolved and sensitive measurements
of weak signals like those expected by gravitational wave
detectors (see for example Barsotti et al.6 and references
therein) and for the precise measurements of transition
frequencies in atomic or ion spectroscopy7. This is often
done by exploiting an inherently quantum property of the
state such as entanglement and/or squeezing. The goal of
quantum metrology is to obtain greater sensitivities in the
measurement of phase-shifts beyond what is possible with
classical resources alone, which at best can yield sensitivities
at the shot noise-, or standard quantum limit (SQL). For
an interferometer operating with classical (laser) light, the
sensitivity of a phase-shift measurement, ∆ϕ , scales as 1/
√
n¯
where n¯ is the average photon number of the laser field. This
defines the SQL as the greatest sensitivity obtainable using
classical light: ∆ϕSQL = 1/
√
n¯. In cases where phase-shifts
are due to linear interactions, the optimal sensitivity allowed
by quantum mechanics is known as the Heisenberg limit
(HL), defined as ∆ϕHL = 1/n¯. Only certain states of light
having no classical analog, including entangled states of
light, are capable of breaching the SQL level of sensitivity.
In many cases, perhaps even most, reaching the HL requires
not only a highly non-classical state of light but also a special
observable to be measured. That observable turns out to be
photon-number parity measured at one of the output ports
of the interferometer. This is because the usual technique
of subtracting irradiances of the two output beams of the
interferometers fails for many important non-classical states.
Furthermore, as to be discussed in latter sections, considera-
tion of the quantum Fisher information indicates that photon
number parity serves as the optimal detection observable for
path symmetric states in quantum optical interferometry.
This paper is organized as follows: Section II begins with a
discussion on the origin of parity-based measurement in the
context of atomic spectroscopy. In section III we present a
brief review of the basics of phase estimation including a con-
cise derivation of the quantum Cramér-Rao bound and the re-
lated quantum Fisher information and discuss how these relate
to parity-based measurement, particularly in the field of quan-
tum optical interferometry. In Section IV we highlight the use
of several relevant states of light in quantum optical interfer-
ometry such as the N00N states and coherent light. We show
in the latter case that the use of parity does not yield sensitiv-
ity (i.e. reduced phase uncertainty) beyond the classical limit
but does enhance measurement resolution. In Section V we
discuss the experimental efforts made in performing photonic
parity measurements. Finally, in Section VI we briefly return
to the atomic population parity measurements, this time in the
context of atomic coherent states and show that such measure-
ments could lead to high-resolution multi-atom atomic clocks,
i.e. atomic clocks of greater precision than is currently avail-
able. We conclude the paper with some brief remarks.
3II. RAMSEY SPECTROSCOPY WITH ENTANGLED AND
UNENTANGLED ATOMS
We first introduce the Dicke atomic pseudo-angular momen-
tum operators for a collection of N two-level atoms. These are
given by8
Jˆx,y,z =
1
2
N
∑
i=1
σ (i)x,y,z, (2)
satisfying the su(2) commutation relation of Eq. A13 (see
Appendix A 2) and where σ (i)x,y,z are the Pauli operators for
the ith atom as given by σ (i)x = |e〉i 〈g| + |g〉i 〈e|, σ (i)y =
−i(|e〉i 〈g|− |g〉i 〈e|), σ (i)z = |e〉i 〈e| − |g〉i 〈g| and where the
ground and excited states for the ith atom are denoted
|g〉i , |e〉i, respectively. Obviously the operators given in Eq. 2
are additive over all atoms. We now introduce the correspond-
ing the collective atomic states, the Dicke states, expressed in
terms of the SU(2) angular momentum states | j,m〉 where j =
N/2 and m ∈ {− j,− j+1, ..., j} which can be given as super-
positions of the product states of all atoms. For N = 2 j atoms,
with j = 1/2,1, ..., the Dicke states | j,m〉 are defined in terms
of the individual atomic states as | j, j〉= |e1,e2, ...eN〉= |e〉⊗N
and | j,− j〉 = |g1,g2, ...gN〉 = |g〉⊗N with intermediate steps
consisting of superpositions of all permutations with consecu-
tively more atoms being found in the ground state all the way
down to | j,− j〉, where all atoms are in the ground state. The
ladder operators given as
Jˆ+ = Jˆx+ iJˆy =
N
∑
i=1
|e〉i 〈g|
(3)
Jˆ− = Jˆx− iJˆy =
N
∑
i=1
|g〉i 〈e|
can be used repeatedly to generate expressions for all the
non-extremal states in terms of the individual atoms. We
relegate further discussion of the mapping between the two
sets of states to Appendix A.
In what follows we denote the exact transition frequency be-
tween the excited and ground states as ω0. The goal of Ram-
sey spectroscopy is to determine the frequency with as high
a sensitivity (or as low an uncertainty) as possible. We first
go through the Ramsey procedure with a single atom assumed
initially in the ground state such that |in〉 = |g〉. The atom is
subjected to a pi/2 pulse described by the operator e−i
pi
2 Jˆy and
implemented with radiation of frequency ω . For one atom,
the rotation operator about the y-axis for an arbitrary angle is
given by
e−iβ Jˆy = e−i
β
2 σy = I2 cos(β/2)− iσy sin(β/2) , (4)
where I2 = |e〉〈e|+ |g〉〈g| is the identity operator in this two-
dimensional subspace. This results in the transformations
e−iβ Jˆy
[ |e〉
|g〉
]
=
[
cos(β/2) |e〉+ sin(β/2) |g〉
cos(β/2) |g〉− sin(β/2) |e〉
]
, (5)
which for β = pi/2 we have the balanced superpositions
e−i
pi
2 Jˆy |e〉= 1√
2
(|g〉+ |e〉) ,
(6)
e−i
pi
2 Jˆy |g〉= 1√
2
(|g〉− |e〉) .
Assuming the atom is initially in the ground state, the state
of the atom after the first pi/2 pulse becomes |ψ (tpi/2)〉 =
e−i
pi
2 Jˆy |in〉 = 1√
2
(|g〉− |e〉). This is followed by a period
T of free evolution (precession) governed by the operator
e−i(ω0−ω)T Jˆz where once again ω is the frequency of the ra-
diation field implementing pi/2 pulses. The state after free
evolution is
|ψ (tpi/2+T)〉= 1√2
(
ei
φ
2 |g〉− e−i φ2 |e〉
)
, (7)
where we have set φ = (ω0−ω)T . After the second pi/2
pulse following free evolution, we use Eq. 6 to find the final
state
|ψ (t f )〉= isin(φ/2) |g〉− cos(φ/2) |e〉 , (8)
where t f = 2tpi/2+T and where it is assumed T  2tpi/2 such
that t f ' T . A diagram of the transformations in Bloch-sphere
representation is provided in Fig. 1 as well as an idealized
sketch of the Ramsey technique in Fig. 2. The expectation
value of Jˆz for this state is
〈Jˆz (φ)〉(1)t f =
1
2
cosφ =
1
2
cos [(ω0−ω)T ] . (9)
By tuning the frequency of the driving field so as to max-
imize 〈Jˆz (φ)〉(1)t f , one can estimate the transition frequencyω0.
If we consider N atoms one at a time or collectively through
the Ramsey procedure9, then the initial state with all atoms in
their ground state is the Dicke state | j,− j〉, and after the first
pi/2 pulse, the state generated |ψ〉 = e−ipi2 Jˆy | j,− j〉 is an ex-
ample of an atomic coherent state (ACS)10. For a brief review
of the Dicke states as well as a derivation of the ACS, see Ap-
pendix A 1. In such a state there is no entanglement among
the atoms: each atom undergoes the same evolution through
the Ramsey process and, because the Jˆz operator is the sum
Jˆz = 12 ∑
N
i σ (i)z , one easily finds that
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FIG. 1. Bloch sphere representation for single-atom spectroscopy. The atom is intially in its ground state. The first pi/2-pulse (at frequency
ω) places the atom in a superposition state. The free evolution of time T corresponds to a rotation in the x−y plane. The final pi/2-pulse (also
at frequency ω) places the state of the atom near the excited state. For a frequency-spread in radiation ∆ω the state will be nearly at the north
pole of the Bloch sphere. Note Ri [θ ] represents rotation by θ about the i-axis.
〈Jˆz (φ)〉(ACS)t f = N 〈Jˆz (φ)〉
(1)
t f =
N
2
cos [(ω0−ω)T ] . (10)
The propagation of the error in the estimation of the phase φ
is given by (dropping scripts for notational convenience)
∆φACS =
∆Jˆz (φ)
|∂φ 〈Jˆz (φ)〉 |
=
1√
N
, (11)
showing that the best sensitivity one can obtain with entangled
atoms in the SQL. In terms of the transition frequency, the er-
ror is given by ∆ω0 = 1/
(
T
√
N
)
. Before closing this section,
it is worth summarizing the operator sequence required to im-
plement Ramsey spectroscopy which we do here in terms of
an arbitrary initial state |in〉. In the Schröinger picture, this
amounts to writing the final state in terms of the initial as
|ψ f (φ)〉= e−i
pi
2 Jˆye−iφ Jˆze−i
pi
2 Jˆy |in〉 , (12)
where once again φ = (ω0−ω)T . It is worth noting that
Ramsey spectroscopy is mathematically equivalent to optical
interferometry in that both can be described through the Lie
algebra of SU(2) (see Appendix A). However, the transforma-
tions of Eq. 12 is slightly different from how we will describe
an interferometer in Section IV.
Now we suppose that we have N atoms prepared in a maxi-
mally entangled state of the form
|ΨM〉= 1√
2
(
|e〉⊗N + |g〉⊗N
)
=
1√
2
(| j, j〉+ | j,− j〉) . (13)
To implement the use of this state for Ramsey spectroscopy as
described by the sequence of operators in Eq. 12, we should
take the actual initial state to be |in〉 = e+ipi2 Jˆy |ΨM〉. After a
free evolution time T our state is now
|ΨM〉T =
1√
2
(
e−iNφ/2 | j, j〉+ eiNφ/2 | j,− j〉
)
. (14)
After the second pi/2 pulse, we arrive at the final state
|Ψ〉t f =
1√
2
(
e−iNφ/2e−i
pi
2 Jˆy | j, j〉+ eiNφ/2e−ipi2 Jˆy | j,− j〉
)
,
=
1
2 j
√
2
j
∑
m=− j
(
2 j
j+m
)1/2(
e−iNφ/2+(−1) j+m eiNφ/2
)
| j,m〉 ,
(15)
where we have used the fact that e−i
pi
2 Jˆy | j,± j〉 are atomic co-
herent states generated from different extremal, or fiducial,
states | j, j〉 and | j,− j〉 (see Appendix A 1 a and B for more
detail). The expression of Eq. 15 is not particularly informa-
tive when it comes to the evaluation of 〈Jˆz (φ)〉M as it can be
shown that
〈Jˆz (φ)〉t f = T 〈ΨM|e
ipi2 Jˆy Jˆze
−ipi2 Jˆy |ΨM〉T
= T 〈ΨM|
(−Jˆx) |ΨM〉T = 0. (16)
Thus this expectation value furnishes no information on the
phase φ .
To address this issue, Bollinger et al.7 proposed measuring
the quantity (−1)Ne where Ne is the number of atoms in the
excited state. As an operator for a given j value, this reads
Πˆ j = (−1) j+Jˆz = eipi( j+Jˆz). This requires us to calculate
〈Πˆ j〉t f = T 〈ΨM|e
ipi2 Jˆyeipi( j+Jˆz)e−i
pi
2 Jˆy |ΨM〉T
= (−1) j T 〈ΨM|e−ipi Jˆx |ΨM〉T
= (−1) j T 〈ΨM|ei
pi
2 Jˆze−ipi Jˆye−i
pi
2 Jˆz |ΨM〉T , (17)
where we have used the relations ei
pi
2 Jˆy Jˆze
−ipi2 Jˆy = −Jˆx and
ei
pi
2 Jˆz Jˆye
−ipi2 Jˆz = Jˆx. Setting Uˆ = ei
pi
2 Jˆze−ipi Jˆye−i
pi
2 Jˆz we have
〈Πˆ j〉t f = (−1)
j 1
2
[〈 j, j|Uˆ | j, j〉+ 〈 j,− j|Uˆ | j,− j〉+
+eiNφ 〈 j, j|Uˆ | j,− j〉+ e−iNφ 〈 j,− j|Uˆ | j, j〉] . (18)
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FIG. 2. A sketch of the Ramsey technique employed for the case of a
single atom initially prepared in the ground state. The first pi/2 pulse
(frequency ω) places the atom in a superposition state. The free evo-
lution over cavity length L results in a phase shift φ = (ω0−ω)T
(T = L/v, where v is the atom velocity). The final pi/2 pulse (fre-
quency ω) places the state of the atom near the excited state.
Then with
〈 j, j|Uˆ | j, j〉= d jj, j (pi) = 0,
〈 j,− j|Uˆ | j,− j〉= d j− j,− j (pi) = 0,
(19)
〈 j, j|Uˆ | j,− j〉=(−1) j d jj,− j (pi) = (−1) j ,
〈 j,− j|Uˆ | j, j〉=(−1)− j d j− j, j (pi) = (−1) j ,
where d jm′,m (β ) are the Wigner-d matrix elements discussed
in Appendix B, we finally have
〈Πˆ j〉t f = (−1)
N cos [N (ω0−ω)T ] . (20)
Note the appearance of the factor of N in the argument of the
cosine. This is the consequence of the maximal entanglement
between the N atoms, consequently leading to an increase in
the sensitivity of the frequency measurement by a factor of
1/
√
N over the SQL. Again, setting φ = (ω0−ω)T , the error
propagation calculus in this case results in
∆φM =
∆Πˆ j
|∂φ 〈Πˆ j〉t f |
=
1
N,
(21)
or that ∆ω0 = 1/NT . This is considered a Heisenberg-limited
uncertainty as it scales with the inverse of N. A scheme for
the generation of the maximally entangled state of Eq. 13
was discussed by Bollinger et al.7 and a different scheme
was discussed by Steinbach and Gerry11. An experimental
realization of parity-measurements has been performed by
Leibfried et al.12 with three trapped ions prepared in a
maximally entangled state.
In the next section we will briefly review the basics of phase
estimation and make the connection between parity-based
measurement and the minimum phase uncertainty: the quan-
tum Cramér-Rao bound.
III. PHASE ESTIMATION AND THE QUANTUM
CRAMÉR-RAO BOUND
Phases cannot be measured, only approximated. This is due to
the fact that there exists no Hermitian phase operator13. Con-
sequently, within the realm of quantum mechanics, the phase
is treated as a classical parameter rather than a quantum ob-
servable. The general approach to interferometry, be it op-
tical or atomic, is to encode a suitable ’probe state’ with a
classically-treated phase and determine the optimal detection
observable for estimating its value. The art lies in determining
the best combination of probe state and detection observable
that yields the highest resolution and smallest phase uncer-
tainty. In what follows, we will discuss some of the basics of
phase estimation and arrive at a relation between parity-based
detection and the upper-bound on phase estimation, which de-
termines the greatest sensitivity afforded to a given quantum
state.
A. The Cramér-Rao lower bound
In the broadest sense, an interferometer is an apparatus that
can transform an input ’probe state’ ρˆ in a manner such that
the transformation can be parametrized by a real, unknown,
parameter ϕ . A measurement is then performed on the out-
put state ρˆ (ϕ) from which an estimation of the parameter
ϕ takes place. The most general formulation of a measure-
ment in quantum theory is a positive-operator valued measure
(POVM). A POVM consists of a set of non-negative Hermi-
tian operators satisfying the unity condition∑ε Eˆ (ε) = 1. Fol-
lowing the work of Pezzé et al.14, the conditional probability
to observe the result ε for a given value ϕ , known as the like-
lihood, is
P(ε|ϕ) = Tr[Eˆ (ε) ρˆ (ϕ)] . (22)
If the input state is made up of m independent uncorrelated
subsystems such that ρˆ = ρˆ(1)⊗ ρˆ(2)⊗ ρˆ(3)⊗ ρˆ(4)⊗ ....⊗ ρˆ(m)
and we restrict ourselves to local operations such that the
phase ϕ is encoded into each subsystem and assuming inde-
pendent measurements are performed on each, then the likeli-
hood function becomes the product of the single-measurement
probabilities
P(ε|ϕ) =
m
∏
i=1
Pi (εi|ϕ) (23)
where Pi (εi|ϕ) = Tr
[
Eˆ(i) (εi) ρˆ(i) (ϕ)
]
. For the case of inde-
pendent measurements, as described in Eq. 23, often one con-
siders the log-Likelihood function
L(ε|ϕ)≡ lnP(ε|ϕ) =
m
∑
i=1
lnPi (εi|ϕ) . (24)
We define the estimator Φ(ε) as any mapping of a given set
of outcomes, ε , onto parameter space in which an estimation
6of the phase is made. A prevalent example is the maximum-
likelihood estimator (MLE)14, defined as the phase value that
maximizes the likelihood function
ΦMLE (ε) = arg
[
max
ϕ
P(ε|ϕ)
]
. (25)
An estimator can be characterized by its phase dependent
mean value
〈Φ〉ϕ =∑
ε
P(ε|ϕ)Φ(ε) , (26)
and its variance
(∆Φ)2ϕ =∑
ε
P(ε|ϕ)
[
Φ(ε)−〈Φ〉ϕ
]2
. (27)
We will now discuss what it means for an estimator to be
’good’, which in this case, refers to an estimator that provides
the smallest uncertainty. These estimators are known as
unbiased estimators, and are defined as estimators whose
average value coincides with the true value of the parameter
in question, that is 〈Φ(ε)〉ϕ = ϕ is true for all values of the
parameter ϕ while estimators that are unbiased in the limit
of m→ ∞, such as the MLE, are considered asymptotically
consistent. Estimators not satisfying this condition are con-
sidered biased while estimators that are unbiased for a certain
range of the parameter ϕ are considered locally unbiased.
We now move on to perhaps one of the most important tools in
the theory of phase estimation: the Cramér-Rao bound (CRB).
The CRB serves to set a lower bound on the variance of any
arbitrary estimator and is given formally as15
(∆ΦCRB)2ϕ =
( ∂ 〈Φ〉ϕ
∂ϕ
)2
F (ϕ)
≤ (∆Φ)2ϕ , (28)
where the quantity F (ϕ) is the classical Fisher information
(FI), given by
F (ϕ)≡
〈(∂L(ε|ϕ)
∂ϕ
)2〉
=∑
ε
1
P(ε|ϕ)
(
∂P(ε|ϕ)
∂ϕ
)2
,
(29)
where the sum extends over all possible values of the mea-
surement values, ε . While Eq. 28 is the most general form
the CRB, it is most useful for the cases of unbiased estima-
tors where the numerator on the right-hand side, ∂ϕ 〈Φ〉ϕ = 1.
For this case, the CRB is simply given as the inverse of the
Fisher information F (ϕ). An estimator that saturates the
CRB is said to be efficient. The existence, however, of an
efficient estimator depends on the properties of the proba-
bility distribution. It is also worth noting that the deriva-
tion of the Fisher information of Eq. 29 assumed an ini-
tial state ρ comprised of m-independent subsystems. It is
straight forward to show the additivity of the Fisher informa-
tion F (ϕ) =∑mi=1 F(i) (ϕ) using Eq. 29 and plugging in Eq. 23
and 24, where F(i) (ϕ) is the Fisher information of the ith sub-
system. For m identical subsystems and measurements, this
yields F (ϕ) = mF(1) (ϕ), where F(1) (ϕ) is the Fisher infor-
mation for a single-measurement and m is the total number
of measurements. This is the form of the Fisher information
most often used in the literature.
B. Quantum Fisher information and the upper bound
We now turn our attention towards discussing an upper
bound16 on phase estimation, known as the quantum Cramér-
Rao bound (qCRB), which in turn will be dependent on the
quantum Fisher information FQ (QFI). We obtain this upper
bound by maximizing the FI over all possible POVMs1718,
FQ [ρˆ (ϕ)]≡ max
{Eˆ(ε)}
F
[
ρˆ (ϕ) ,{Eˆ (ε)}] , (30)
where this quantity is known as the quantum Fisher informa-
tion. It is important to note that the quantum Fisher informa-
tion is independent of the POVM used. This quantity can be
expressed as19
FQ [ρˆ (ϕ)] = Tr
[
ρˆ (ϕ) Lˆ2ϕ
]
, (31)
where Lˆϕ is known as the symmetric logarithmic derivative
(SLD)20 defined as the solution to the equation
∂ ρˆ (ϕ)
∂ϕ
=
ρˆ (ϕ) Lˆϕ + Lˆϕ ρˆ (ϕ)
2
. (32)
The chain of inequalities is now
(∆Φ)2ϕ ≥ (∆Φ)2CRB ≥ (∆Φ)2qCRB , (33)
where it follows that the quantum Cramér-Rao bound (also
known as the Helstrom bound21) is given by
(∆Φ)2qCRB ≡
(
∂ 〈Φ〉
∂ϕ
)2
FQ [ρˆ (ϕ)]
. (34)
Since the qCRB is inversely proportional to the QFI and the
QFI itself is a maximization over all possible POVMs, it is
clear to see how the qCRB serves as an upper bound on phase
estimation.
1. Calculating the QFI for pure and mixed states
Here we work through a suitable expression for the QFI, us-
ing our definition of the SLD given in Eq. 32, in terms of
7the complete basis {|n〉}, where our density operator is now
given generally as ρˆ (ϕ) = ∑n pn |n〉〈n|. Following the work
of Pezzé et al.14, the quantum Fisher information can be writ-
ten in this basis as
FQ [ρˆ (ϕ)] = Tr
[
ρˆ (ϕ) Lˆ2ϕ
]
= ∑
k, k′
pk|〈k|Lˆϕ |k′〉|2
= ∑
k, k′
pk + pk′
2
×|〈k|Lˆϕ |k′〉|2. (35)
Thus it is sufficient to know the matrix elements of the SLD,
〈k|Lˆϕ |k′〉 in order to calculate the QFI. Using Eq. 32 and our
general density operator, it is easy to show
〈k|Lˆϕ |k′〉=
(
2
pk + pk′
)
×〈k|∂ϕ ρˆ (ϕ) |k′〉, (36)
which makes Eq. 3522
FQ [ρˆ (ϕ)] = ∑
k, k′
2
pk + pk′
×|〈k|∂ϕ ρˆ (ϕ) |k′〉|2. (37)
We proceed further through the use of the definition
∂ϕ ρˆ (ϕ) =∑
k
(
∂ϕ pk
) |k〉〈k|+∑
k
pk |∂ϕk〉〈k|+∑
k
pk |k〉〈∂ϕk| ,
(38)
which is a simple application of the chain rule for derivatives.
Using the identity ∂ϕ〈k|k′〉= 〈∂ϕk|k′〉+ 〈k|∂ϕk′〉 ≡ 0, the ma-
trix elements in Eq. 37 become
〈k|∂ϕ ρˆ (ϕ) |k′〉=
(
∂ϕ ρˆ (ϕ)
)
δk, k′ +(pk− pk′)〈∂ϕk|k′〉. (39)
The SLD and QFI then become
Lˆϕ = ∑k
∂ϕ pk
pk
×|k〉〈k|+2∑k, k′ pk−pk′pk+pk′ ×〈∂ϕk|k
′〉 |k′〉〈k| ,
(40)
FQ [ρˆ (ϕ)] = ∑k
(∂ϕ pk)
2
pk
+2∑k, k′
(pk−pk′)
2
pk+pk′
×|〈∂ϕk|k′〉|2,
respectively. These results, we show next, simplify in the case
of pure states where we can write ρˆ (ϕ) = |ψ (ϕ)〉〈ψ (ϕ)|
and consequently ∂ϕ ρˆ (ϕ) = ∂ϕ ρˆ2 (ϕ) = ρˆ (ϕ)
[
∂ϕ ρˆ (ϕ)
]
+[
∂ϕ ρˆ (ϕ)
]
ρˆ (ϕ). Using this, and a cursory glance at Eq. 32, it
is clear the SLD becomes
Lˆϕ = 2
[
∂ϕ ρˆ (ϕ)
]
= 2
[
∂ϕ |ψ (ϕ)〉〈ψ (ϕ)|
]
= 2 |∂ϕψ〉〈ψ|+2 |ψ〉〈∂ϕψ| , (41)
where in the last step, the ϕ-dependency of |ψ〉 is implicit for
notational convenience. Plugging this directly into the first
line of Eq. 35 yields
FQ [ρˆ (ϕ)] = Tr
[
ρˆ (ϕ) Lˆ2ϕ
]
= 〈ψ|Lˆ2ϕ |ψ〉
= 4{〈∂ϕψ|∂ϕψ〉− |〈∂ϕψ|ψ〉|2}, (42)
which is the form of the QFI most often used in quantum
metrology literature. Next we move on to discussing a spe-
cific detection observable: photon number parity.
2. Connection to parity-based detection
The central theme discussed throughout this paper is the use
of the quantum mechanical parity operator as a detection ob-
servable in quantum optical interferometry. The use of parity
as a detection observable first came about in conjunction with
high precision spectroscopy, by Bollinger et al.7. It was first
adapted and formally introduced for use in quantum optical
interferometry by C. C. Gerry et al.2324. A detection observ-
able is said to be optimal if for a given state, the CRB achieves
the qCRB, that is,
(∆Φ)2ϕ ≥ (∆Φ)2CRB = (∆Φ)2qCRB . (43)
Furthermore, parity detection achieves maximal phase sen-
sitivity at the qCRB for all pure states that are path
symmetric2526. For the purposes of this paper, it is suffi-
cient to derive the classical Fisher information. We start from
the expression for the classical Fisher information, assum-
ing a single measurement is performed, given in Eq. 29. For
parity27, the measurement outcome ε can either be positive +
or negative − and satisfies P(+|ϕ)+P(−|ϕ) ≡ 1. The ex-
pectation value of the parity operator can then be expressed as
a sum over the possible eigenvalues weighted with the proba-
bility of that particular outcome leading to
〈Πˆ〉=∑
i
P(i|ϕ)λi = P(+|ϕ)−P(−|ϕ)
= 2P(+|ϕ)−1 = 1−2P(−|ϕ) . (44)
Likewise, we can calculate the variance
(
∆Πˆ
)2
= 〈Πˆ2〉−〈Πˆ〉2 = 1−〈Πˆ〉2
= 1− (P(+|ϕ)−P(−|ϕ))2
= 1− (P(+|ϕ)+P(−|ϕ))2+4P(+|ϕ)P(−|ϕ)
= 4P(+|ϕ)P(−|ϕ) . (45)
Finally, from Eq. 44, it follows that
∂P(+|ϕ)
∂ϕ
=
1
2
∂ 〈Πˆ〉
∂ϕ
=−∂P(−|ϕ)
∂ϕ
. (46)
Combining Eq. 45 and 46 we find
8F(1) (ϕ) =∑
ε1
1
P(ε1|ϕ)
(
∂P(ε1|ϕ)
∂ϕ
)2
=
1(
∆Πˆ
)2 ∣∣∣∂ 〈Πˆ〉∂ϕ ∣∣∣2, (47)
making the CRB / qCRB
∆ΦCRB/qCRB =
√
1−〈Πˆ〉2∣∣∂ϕ〈Πˆ〉∣∣ = 1√F(1) (ϕ) . (48)
Eq. 48 is simply the phase uncertainty obtained through
the error propagation calculus. This is advantageous over
other means of detection, such as photon-number counting,
because the use of parity does not require any pre- or post-
data processing. By comparison, photon number counting
typically works by construction of a phase probability
distribution conditioned on the outcome of a sequence of m
measurements28. After a sequence of detection events, the
error in the phase estimate is determined from this distribu-
tion. While this provides phase estimation at the qCRB, it
lacks the advantage of being directly determined from the
signal, unlike the use of parity27. There are disadvantages to
using parity, however. Performance of photon number parity
is highly susceptible to losses. Parity also achieves maximal
phase sensitivities at particular values of the phase, restricting
its use to estimating local phases29. Restricting its use to local
parameter estimation, however, is not terribly problematic
in interferometry, as one is interested in measuring small
changes to parameters that are more-or-less known.
It is worth pointing out that the optimal POVM depends, in
general, on ϕ . This is somewhat problematic as it requires
one to already know the value of the parameter ϕ in order
to choose an optimal estimator. Some work has been done
to overcome this obstacle30 which concludes the QFI can be
asymptotically obtained in a number of measurements with-
out any knowledge of the parameter. For all cases considered
throughout this paper, we will use parity as our detection ob-
servable (except in cases where we wise to draw comparisons
between observables), which we know saturates the qCRB.
We will now move on to discuss how one calculates the QFI
in quantum optical interferometry.
C. Calculating the QFI in quantum optical interferometry
We use the Schwinger realization of the su(2) algebra with
two sets of boson operators, discussed in detail in Appendix
A 2, to describe a standard Mach-Zehnder interferometer8. In
this realization, the quantum mechanical beam splitter can be
viewed as a rotation about a given (fictitious) axis determined
by the choice of angular momentum operator, i.e. the choice
of a Jˆx-operator performs a rotation about the x-axis while the
choice of a Jˆy-operator performs a rotation about the y-axis.
An induced phase shift, assumed to be in the b-mode, is de-
scribed by a rotation about the z-axis described by the use of
the Jˆz-operator. The state just before the second beam splitter
is given as
|ψ (ϕ)〉= e−iϕ Jˆze−i pi2 Jˆx |in〉 , (49)
where we are assuming the beam splitters to be 50:50. This in
turn makes the derivative
|ψ ′ (ϕ)〉=−ie−iϕ Jˆz Jˆze−i pi2 Jˆx |in〉 , (50)
leading to
〈
ψ ′ (ϕ) |ψ (ϕ)〉= i〈in|Jˆy|in〉 , (51)
and
〈
ψ ′ (ϕ) |ψ ′ (ϕ)〉= 〈in|Jˆ 2y |in〉 , (52)
where we have made use of the Baker-Hausdorf identity in
simplifying
ei
pi
2 Jˆx Jˆze−i
pi
2 Jˆx = Jˆy. (53)
Combining Eq. 51 and 52 into Eq. 42 yields for the QFI
FQ [ρˆ (ϕ)] = 4{〈∂ϕψ|∂ϕψ〉− |〈∂ϕψ|ψ〉|2}
= 4
〈(
∆Jˆy
)2〉
in, (54)
which is simply the variance of the Jˆy-operator with respect
to the initial input state |in〉. This is the form of the QFI
used in all of the following interferometric calculations.
One important thing to notice is that the quantum Fisher
information depends solely on the initial state and not on the
value of the phase ϕ to be measured.
Note that Eq. 54 is a general result. Let Oˆ be a generator of a
flow parameterized by ζ such that the wave function evolves
according to the Schrödinger equation i∂ζ |ψ〉 = Oˆ |ψ〉 with
solution |ψ(ζ )〉 = e−iOˆζ |ψ(0)〉. Then |∂ζψ〉 = −iOˆ |ψ〉 so
that 〈∂ζψ|∂ζψ〉 = 〈Oˆ2〉, and | 〈ψ|∂ζψ〉 |2 = 〈Oˆ〉2. Hence
FQ(ζ ) = 4
[〈∂ζψ|∂ζψ〉− |〈ψ|∂ζψ〉 |2] = 4〈(∆Oˆ)2〉ζ . Thus,
both Eq. 28 and Eq. 34 yield a Fourier-like uncertainty relation
for unbiased estimators of the form (∆Φ)ζ 〈
(
∆Oˆ
)〉ζ ≥ 1/2 (if
we do not use the maximum FI) reminiscent of ∆x∆k ≥ 1/2,
so that a precise measurement (∆Φ)ζ  1/2 of ζ requires a
large uncertainty (variance) 〈(∆Oˆ)〉ζ  1/2 in its generation.
Noting that Πˆb = (−1)bˆ†bˆ = eipi nˆb is both unitary as well as
Hermitian, define Πˆ(φ)b ≡ e−iφ nˆb with Oˆ → nˆb and ζ → φ
(which we take to be φ =−pi for the parity operator). Thus, a
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FIG. 3. A sketch of a standard Mach-Zehnder interferometer (MZI).
Light propagates through one (or both) input ports of the MZI. A
phase shift occurs after the first beam splitter due to a relative path
length difference between the two arms of the MZI. Measurement
occurs on one (or both) modes of the output.
measurement Πˆ(φ)b |ψ(0)〉 = e−iφ nˆb |ψ(0)〉 can be thought of
as a Schrödinger-like evolution in φ with generator nˆb. Then,
from above FΠb(φ) = 4〈(∆nˆb)2〉φ . This result is independent
of the parameter φ . This leads to the insightful interpretation
of Eq. 48 as ∆ΦCRB/qCRB∆nˆb = 12 , i.e. a more formal state-
ment of the classical number-phase uncertainty relationship
∆φ ∆N ≥ 12 . In fact, we now see that the parity operator Πˆb
leads to the minimal phase uncertainty relationship possible,
since it saturates the inequality.
Next we will discuss the phase uncertainty and measurement
resolutions obtained using parity-based detection in interfer-
ometry for a number of cases in which input classical and/or
quantum mechanical states of light are considered.
IV. QUANTUM OPTICAL INTERFEROMETRY
In this section we highlight several different interferometric
schemes involving both classical and non-classical states of
light comparing the use of several different detection observ-
ables. Here we show that in cases where the bound on phase
sensitivity is not saturated, parity-based detection yields
sub-SQL limited phase sensitivity and can, in certain cases,
approach or out-perform the HL of phase sensitivity. We
also draw attention to the correlation between parity-based
detection and the saturation of the qCRB. Before we get
into certain cases, we will provide the reader with a concise
derivation of the output state of an interferometer for arbitrary
initial states as well as the average value of an arbitrary
detection observable and the subsequent phase uncertainty.
Consider an interferometer transforming an initial state |in〉
according to
|out〉= eipi2 Jˆx e−iφ Jˆze−ipi2 Jˆx |in〉= e−iφ Jˆy |in〉 , (55)
where we employ the Schwinger realization of the SU(2)
Lie algebra (see Appendix A 2). It is worth comparing the
expression for the output state of Eq. 55 with that of the final
state obtained when one performs Ramsey spectroscopy, as
shown in Eq. 12. The pi/2 pulses performed on atomic states
is analogous to a beam splitter transformation affecting two
boson modes in that both can be described in terms of the
su(2) Lie algebra. The same can be said of how the phase
φ is encoded in both procedures, though they have very
different physical interpretations. For atomic systems, the
phase shift arises during the period of free evolution while in
interferometry it stems from a relative path length difference
between the two arms of the interferometer.
For the most general of separable initial states, |in〉 =
|ψ(1)0 〉a⊗|ψ
(2)
0 〉b, where in the photon number basis |ψ
(i)
0 〉 =
∑∞n=0 C
(i)
n |n〉, n ∈ Z+, the input state can be expressed as
|in〉=
∞
∑
n=0
∞
∑
q=0
C(1)n C
(2)
q |n〉a⊗|q〉b
=
∞
∑
j=0,1/2,..
j
∑
m=− j
C(1)j+mC
(2)
j−m | j,m〉 . (56)
Working in the Schrödinger picture, the transformation of
Eq. 55 acting on this initial state yields the output state
|out〉=
∞
∑
j′=0,1/2,..
j′
∑
m′=− j′
〈 j′,m′|e−iφ Jˆy |in〉 | j′,m′〉
=
∞
∑
j=0,1/2,..
j
∑
m′=− j
Γ j,m′ (φ) | j+m′〉a⊗| j−m′〉b , (57)
where we have inserted a complete set of states in the angular
momentum basis and where the phase-dependent state coeffi-
cients are given by
Γ j,m′ (φ) =
j
∑
m=− j
C(1)j+mC
(2)
j−md
j
m′,m (φ) . (58)
The phase-dependent term in Eq. 58 are the well known
Wigner-d matrix elements discussed in some detail in Ap-
pendix B 1. Note that if our initial state is an entangled two-
mode state, the corresponding coefficients would be of the
form An,p where An,p 6= C(1)n C(2)p . For an arbitrary detection
observable Oˆ , the expectation value can be calculated directly
as
〈Oˆ〉out = ∑
j,m′
∑
J,M
Γ∗J,M (φ)Γ j,m′ (φ)〈J,M|Oˆ| j,m′〉 . (59)
From this the phase uncertainty can be found through use of
the usual error propagation calculus to be
∆φOˆ =
∆Oˆout
|∂φ 〈Oˆ〉out |
. (60)
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From the perspective of the Heisenberg picture, the trans-
formed observable Oˆ ′ is given by Oˆ ′ = eiφ JˆyOˆe−iφ Jˆy and the
derivative of its expectation value
∂φ 〈Oˆ〉out = ∂φ 〈Oˆ ′〉in = i〈
[
Jˆy,Oˆ ′
]〉in . (61)
We remind the reader that the greatest phase sensitivity af-
forded by classical states is the standard quantum limit (SQL),
∆φSQL = 1/
√
n¯ while for quantum states the phase sensitivity
is bounded by the Heisenberg limit (HL) ∆φHL = 1/n¯. We
note that while the HL serves as a bound on phase sensitivity,
it has been demonstrated to be beaten by some quantum states
for low (but still > 1) average photon numbers31. The goal
of this section is to highlight the effectiveness of parity-based
measurement performed on one of the output ports. Unless
otherwise stated, we assume measurement is performed on
the output b-mode without loss of generality32. We are now
ready to discuss several different cases.
A. The N00N states
The optical N00N state has been extensively studied for use
in high-precision quantum metrology24333435. It is defined as
the superposition state in which N photons are in one mode
(labeled the a-mode) while none are in the either (b-mode)
|N,0〉a,b and where no photons are in the a-mode and N pho-
tons are in the b-mode |0,N〉a,b, and can be written generally
as
|ψ〉N00N =
1√
2
(|N,0〉+ eiΦN |0,N〉) , (62)
where ΦN is a relative phase factor that may depend on N
and whose value will generally depend on the method of
state generation. The origin of the moniker "N00N state"
is obvious, though such states are also known as maximally
path-entangled number states as the path of the definite
number of photons N in the superposition state of Eq. 62 can
be interpreted as being objectively indefinite.
Let us consider an interferometric scheme in which the initial
state is given by |in〉 = |N,0〉a,b and the first beam splitter is
replaced by an optical device that transforms the initial state
into the N00N state of Eq. 62 (a "magic" beam splitter, so
to speak). The state after the phase shift (taken to be in the
b-mode) is
|ψN (φ)〉= 1√
2
(
|N,0〉a,b+ eiNφ+ΦN |0,N〉a,b
)
, (63)
amounting to an additional relative phase shift of Nφ . Finally,
the state after the second beam splitter is24
|out〉= 1√
2N+1N!
[(
aˆ†+ ibˆ†
)
+ ei(Nφ+ΦN)
(
bˆ†+ iaˆ†
)] |0,0〉a,b ,
(64)
which for the case of N = 1 yields the same phase sensitiv-
ity as the |in〉 = |1,0〉a,b state when implementing intensity-
difference measurements in a regular MZI scheme. For the
case of N = 2, the output state can be written as
|out,2〉= 1
2
√
2
[(
1− ei2φ+Φ2) |2,0〉a,b+
+
√
2i
(
1+ ei2φ+Φ2
) |1,1〉a,b+ (ei2φ+Φ2 −1) |0,2〉a,b] .
(65)
Interestingly, for all values N > 1, intensity-difference
measurements fails to capture any phase-shift dependence;
this results in a measurement of zero irrespective of the value
of φ , making it an unsuitable detection observable for this
choice of input state.
A Hermitian operator was introduced by Dowling et al.3334 of
the form ΣˆN = |N,0〉a,b 〈0,N|+ |0,N〉a,b 〈N,0|whose expecta-
tion value with respect to the state Eq. 62, 〈ΣˆN〉= cosNφ , de-
pends on the phase Nφ with interference fringes whose oscil-
lation period is N times shorter than that of the single-photon
case. The phase uncertainty obtained through the error propa-
gation calculus can be found easily to be
(∆φ)2 =
〈Σˆ2N〉−〈ΣˆN〉
2(
∂φ 〈ΣˆN〉
)2 = 1− cos2 NφN2 sin2 Nφ = 1N2 , (66)
which is an improvement over the classical (SQL) limit by
a factor of 1/
√
N. The result of Eq. 66 follows from the
heuristic number-phase relation ∆φ∆N ≥ 1. For the N00N
state of Eq. 62, the uncertainty in photon number is N, the
total average photon number, immediately giving the equality
∆φ = 1/N. Extrapolating for arbitrary states, we define the
Heisenberg limit (HL) ∆φHL = 1/n¯tot where n¯tot is the total
average photon number inside the interferometer.
It was found that the results of the projection operator em-
ployed by Dowling et al. can be realized through implemen-
tation of photon-number parity measurements performed on
one mode24. As a demonstration, consider the N = 2 case de-
scribed by the output state given by Eq. 65. The action of the
parity operator on the b-mode, Πˆb = (−1)bˆ
†bˆ, results in a sign
flip on the center term
Πˆb |out,2〉= 1
2
√
2
[(
1− ei2φ+Φ2) |2,0〉a,b+
−
√
2i
(
1+ ei2φ+Φ2
) |1,1〉a,b+ (ei2φ+Φ2 −1) |0,2〉a,b] ,
(67)
leading to the expectation value 〈Πˆb〉= cos(2φ +Φ2), similar
to the result obtained through use of the projection operator
employed by Dowling et al. Unlike the method of measuring
the intensity-difference between modes, this carries relevant
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phase information from which an estimation can be made. For
the arbitrary N case, it was found
〈Πˆb〉= i
N
2
[
ei(Nφ+ΦN)+(−1)N e−i(Nφ+ΦN)
]
=
{
(−1)N/2 cos(Nφ +ΦN) N even,
(−1)(N+1)/2 sin(Nφ +ΦN) N odd,
(68)
and consequently ∆φ = 1/N. It is important to note that while
photon-number parity functions similarly to the projection
operator put forth by Dowling et al., they are not equivalent.
This is clear as ΣˆN is not directly connected to an observable.
Furthermore, there is presently no physical realization of the
projector ΣˆN capable of being utilized experimentally.
Clearly states similar in form to Eq. 62 after the first beam
splitter are favorable in interferometry. Let us begin by con-
sidering a case in which the state after beam splitting can be
written in terms of a superposition of N00N states.
B. Entangled coherent states
One such case known to yield Heisenberg-limited phase sen-
sitivity is the case in which the action of the first beam splitter
results in an entangled coherent state (ECS)36. It has been
shown by Israel et al.37 that such a state can be generated
through the mixing of coherent light with a squeezed vacuum
at the first beam splitter (a case to be discussed in greater de-
tail in a latter section). Another method involves the mixing
of coherent- and cat- states. The coherent state is given by
|α〉 = e−|α|2/2∑∞n=0 α
n√
n!
|n〉 and constitutes the most classical
of quantized fields states, characterized as light from a well
phase-stabilized laser. It is important to point out that while
coherent light maintains classical properties, it is still a quan-
tum state of light as it is defined in terms of a quantized elec-
tromagnetic field. The generalized cat state38 is expressed as a
superposition of equal-amplitude coherent states differing by
a pi-phase shift. Such states have been studied extensively in
the context of phase-shift measurements39. The initial state
can be written as
|in〉= |β 〉a⊗N
(
|γ〉b+ eiθ |−γ〉b
)
, (69)
whereN is the cat state normalization factor given byN =
1/
√
2
(
1+ e−2|γ|2 cosθ
)
. The QFI can be calculated imme-
diately for this input state using Eq. 54. For large γ , 〈Jˆ+〉 =
〈Jˆ−〉= 〈Jˆy〉 ' 0 and
〈J2+〉= β ∗ 2γ2, 〈J2−〉= β 2γ∗ 2 (70)
〈J+Jˆ−〉= |β |2
(
1+ |γ|2) , 〈J−Jˆ+〉= |γ|2 (1+ |β |2) , (71)
resulting in
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FIG. 4. Expectation value of the parity operator 〈Πˆb〉 for n¯tot = 5
(blue, solid) and n¯tot = 25 (red, dashed). The peaks of the curves
narrows and migrate towards the phase origin, which serves as an
inflection point. Note for these curves, the relative phase shift in
Eq. 69 is chosen as θ = pi/2 given our interferometric scheme of
Eq. 55 to align with the results found by Gerry et al40.
FQ = 4〈
(
∆Jˆy
)2〉in = 4〈Jˆ2y 〉
= |β |2+ |γ|2+2|β |2|γ|2 (1− cos[2(θβ −θγ)]) , (72)
where
(
θβ −θγ
)
is the phase difference between coherent
states |β 〉 and |γ〉. Setting β = α/√2 and γ = −iβ =
−iα/√2, the total average photon number in the interferom-
eter in the limit of large coherent state amplitude is |β |2 +
|γ|2 = |α|2. Plugging these into Eq. 72 and noting now that
θβ −θγ = pi/2, the minimum phase uncertainty is given by
∆φmin
large α−−−−→ 1|α|2 = ∆φHL. (73)
Let us calculate the state after the first beam splitter for this
choice of input state. Through the usual beam splitter trans-
formations for coherent states, we have
|β 〉a |γ〉b BS 1−−→ | 1√2 (β + iγ)〉a |
1√
2
(γ+ iβ )〉
b
,
(74)
|β 〉a |−γ〉b BS 1−−→ | 1√2 (β − iγ)〉a |
1√
2
(−γ+ iβ )〉
b
,
making the state after the first beam splitter
|out, BS 1〉=N
(
| 1√
2
(β + iγ)〉
a
| 1√
2
(γ+ iβ )〉
b
+
+eiθ | 1√
2
(β − iγ)〉
a
| 1√
2
(−γ+ iβ )〉
b
]
. (75)
Once again setting β = α/
√
2 and γ = −iβ = −iα/√2, this
becomes
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|out, BS 1〉=N
(
|α〉a |0〉b+ eiθ |0〉a |iα〉b
)
, (76)
the entangled coherent state. This state was studied by Gerry
et al.40 where the first beam splitter was replaced by an asym-
metric non-linear interferometer (ANLI) yielding the state
|out, ANLI〉 ∝ ( |0, iα〉a,b + i |−α,0〉a,b ), similar to Eq. 76.
This state can be written as a superposition of N00N states
as per
|out, ANLI〉= e− 12 |α|2
∞
∑
N=0
αN√
N!
(−1)N×
× 1√
2
(
|N,0〉a,b+ e−iΦN |0,N〉a,b
)
,
(77)
where ΦN = pi2 (N+1). Parity-based detection was consid-
ered on the output b-mode after acquiring a phase shift φ and
passing through the second beam splitter to find
〈Πˆ〉b = e−n¯
(
1+ en¯cosφ sin(n¯sinφ)
)
, (78)
∂φ 〈Πˆ〉b = n¯e−n¯(1−cosφ) cos(φ + n¯sinφ) , (79)
and from the error propagation calculus, Eq. 60, the phase
uncertainty for φ → 0 is
∆φΠˆb =
√
1− e−2n¯
n¯
, (80)
which subsequently yields the HL in the limit of large |α|.
Plots of the expectation value of the parity operator, Eq. 78,
and corresponding phase uncertainty, Eq. 80, found by Gerry
et al.40 are given in Figs. 4 and 5, respectively. Clearly
distributions after the first beam splitter that are reminiscent
in form to the N00N state tends towards providing greater
phase sensitivity.
Another such case to consider is the case of the input twin-
Fock states. As per the very well known Hong-Ou-Mandel
(HOM) effect, when the initial state |1,1〉a,b is incident upon
a 50:50 beam splitter, the resulting state is the two-photon
N00N state |2,0〉a,b+ |0,2〉a,b. Let us now consider the case in
which the arbitrary state |N,N〉a,b is taken as the initial state.
C. Twin-Fock state input
It was first pointed out by Holland and Burnett41 that inter-
ferometric phase measurements when considering input twin-
Fock states |N,N〉a,b asymptotically approaches the HL. They
found this by studying the phase-difference distribution for the
states inside the MZI just prior to the second beam splitter. On
the other hand, Bollinger et al.742 showed that if the state just
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FIG. 5. Phase uncertainty obtained when the state after the first beam
splitter is an entangled coherent state of the form Eq. 76 for a relative
phase θ = pi/2 and phase value φ = pi/45. Note that aside from the
spike at n¯tot ∼ 21, the phase uncertainty follows closely along the
HL.
after the first beam splitter is somehow a maximally entan-
gled state (MES) of the form ∝ |2N,0〉a,b + e−iΦN |0,2N〉a,b,
N ∈ Z+, then the phase uncertainty is exactly the HL: ∆φHL =
1/2N. The problem is such a state is incredibly difficult to
produce; in fact, it cannot be done with an ordinary beam
splitter. Schemes for generating such states using both non-
linear devices and linear devices used in conjunction with
conditional measurements have been proposed23434445464748.
For an initial state described by state coefficients C(1)n C
(2)
q =
δN,nδN,q as per Eq. 56, the state after the first beam splitter is
the well-known arcsine (AS) state49, given by
|out, BS1〉=
N
∑
k=0
(−1)N−k
[(
2k
k
)(
2N−2k
N− k
)(
1
2
)2N ]1/2
×,
×|2k〉a⊗|2N−2k〉b , (81)
where in this case a Jˆy-type beam splitter was considered
rather than a Jˆx-type of the previous sections. This simply
amounts to a relative phase difference between terms in the
sum in Eq. 81. Clear for the N = 1 case, we recover the well
known two-photon N00N state that has long been available
in the laboratory50. For N > 1, the state of Eq. 81 does not
cleanly result in the N-photon N00N state, but instead a su-
perposition of the N-photon N00N state and other (but not all)
permutations of the state |p,q〉 where p+q = 2N. Due to the
strong correlations between photon number states of the two
modes, the only nonzero elements of the joint-photon number
probability distribution are the joint probabilities for finding
2k photons in the a-mode and 2N−2k photons in the b-mode,
given by
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FIG. 6. Two-mode joint photon number distribution resulting from
beamsplitting the state |in〉 = |N,N〉a,b. The "bathtub" shape of the
arcsine distribution is peaked at the |N,0〉a,b and |0,N〉a,b states. This
is plotted for N = 8.
PAS (2k,2N−2k) = |a,b 〈2k,2N−2k|out, BS1〉 |2
=
(
2k
k
)(
2N−2k
N− k
)(
1
2
)2N
, k ∈ [0,N]
(82)
forming a distribution known as the fixed-multiplicative
discrete arcsine law of order N51, deriving the name of the
state. Such a distribution is characterized by the "bathtub"
shape of an arcsine distribution, with peaks occuring for the
|N,0〉a,b and |0,N〉a,b states, as shown in Fig. 6. The phase
properties of this state were studied by Campos et al.49.
Next we will compare the qCRB for this choice of initial state
against the phase uncertainty obtained via parity-based mea-
surements. Once again, the qCRB can be calculated directly
from the initial state through Eq. 54. It is plainly evident that
〈J〉+ = 〈J〉− = 〈J〉y = 0, 〈Jˆ+Jˆ−〉 = 〈Jˆ−Jˆ+〉 = N (N+1) and
consequently
∆2Jˆy =
N
2
(1+N)→ ∆φmin = 1√
2N (1+N)
. (83)
Right away it is clear that for the case of N = 1, the minimum
phase uncertainty provides the HL: ∆φHL = 1/2N = 1/2. Next
we consider the use of parity performed on the output b-mode
as a detection observable. The expectation value of the parity
operator can be calculated directly with respect to the state of
Eq. 81, accounting for the phase shift and assuming the second
beam splitter is of the Jˆx-type, to be
〈Πˆb〉AS = 〈in|Πˆb|in〉
= 〈out, BS 1|e−iφ Jˆze−ipi2 JˆxΠˆbei
pi
2 Jˆx eiφ Jˆz |out, BS 1〉
=
N
∑
k=0
ei2φ(N−2k)
(
2k
k
)(
2N−2k
N− k
)(
1
2
)2N
, (84)
The imaginary part of Eq. 84 sums identically to zero as it is
the product of an even times and odd function of k. The real
part is identically a Legendre polynomial, making
〈Πˆb〉AS = PN [cos(2φ)] . (85)
With this, the phase uncertainty can be computed directly
from the error propagation calculus given by Eq. 60. For
N = 1, the expectation value of the parity operator is
〈Πˆb〉AS = cos(2φ) leading to ∆φ = 1/2, the HL. For N = 2,
it can be shown 〈Πˆb〉AS = 1/4+ 3/4cos(4φ), which in the
limit of φ → 0 yields ∆φ = 1/√12 = 0.2886; close to the
HL of 1/4 = 0.25. These results are in agreement with the
minimum phase uncertainty obtained through calculation of
the qCRB for this state, Eq. 83. A plot of the parity-based
phase uncertainty and corresponding qCRB can be found in
Fig. 7. Another interesting feature of Eq. 85 occurs when
considering measurements around φ = pi/2. Through use
of standard identities involving Legendre polynomials, it
can be shown that Eq. 85 becomes 〈Πˆb〉(φ=pi/2)AS = (−1)N ,
corresponding to a peak in the curve yielding the same degree
of resolution as φ = 0, but takes the maximal (minimal) value
of ±1 depending on the value of N. This may prove to be
of use in verifying one has lossless conditions within the
interferometer as typically the experimenter would have fore-
knowledge of the value N and therefore know what the value
in a pi/2-shifted interferometer should be. Measurement to
the contrary can point towards the presence of losses in the
system.
In the next section, we will briefly consider states comprised
of superpositions of twin-Fock states.
1. Superpositions of twin-Fock states
Highly photon-number correlated continuous variable two-
mode states have been investigated for use in quantum op-
tical interferometry. It is immediately clear that such states
are entangled as they are already in Schmidt form |Ψ〉 =
∑∞n=0 Bn |n,n〉a,b with total average photon number n¯tot =
2∑∞n=0 |Bn|2n. In terms of the initial state of Eq. 56, the co-
efficients for such a state are given by C(1)n C
(2)
q = Bnδq,n. The
expectation value of the parity operator is readily calculable
for arbitrary correlated two-mode states of this form using the
results of the twin-Fock state input of Eq. 85:
〈Πˆb〉corr =
∞
∑
n=0
|Bn|2Pn [cos(2φ)] , (86)
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FIG. 7. Parity-based phase uncertainty with phase φ = 10−4 for the
case of an input twin-Fock state. Note the phase uncertainty obtained
corresponds with the qCRB.
where once again Pn (x) are the Legendre polynomial. The
most well-known and studied correlated two-mode state is the
two-mode squeezed vacuum state (TMSVS). The TMSVS is
a laboratory standard, routinely produced through parametric
down conversion52: a second order nonlinear effect in which
a pump photon of frequency 2ω is annihilated and two pho-
tons, each of frequency ω , are produced. The correlation be-
tween modes is due to the pair-creation of photons resulting
from the down-conversion process. Note that under the para-
metric approximation, the pump is treated as a classical and
non-depleting field. Consequently the pump is not treated as
a quantized mode. The TMSVS state coefficients are given
by B(TMSVS)n =
(
1−|z|2)1/2 zn. The parameter z is a complex
number constrained to be |z|< 1 and can be expressed in terms
of the pump field parameters, γ and 2φ being the pump ampli-
tude and phase respectively, as z = ei2φ tanhr where r = |γ|t
is the squeeze parameter. Interestingly, coupling the TMSVS
coefficients with Eq. 86 yields for the phase value φ = pi/2
〈Πˆb〉(φ=pi/2)tmsvs =
1
cosh(2r)
=

1, r→ 0
2e−2r. r 1
(87)
In other words, measurement of photon-number parity on one
of the output modes provides a direct measure of the degree
of squeezing i.e., determination of the squeeze parameter r.
For the TMSVS, parity-based detection yields a phase uncer-
tainty that falls below the HL for φ = 0; an effect that has
been pointed out in the past by Anisimov et al.31, explained in
terms of the Fisher information. Once again using Eq. 54 and
noting for such a correlated state that FQ = 2〈Jˆ+Jˆ−〉in, it can
be shown that the TMSVS minimum phase uncertainty is
∆φmin =
1√
n¯tot (2+ n¯tot)
, (88)
where for the TMSVS n¯tot = 2sinh2 r. This means that the
TMSVS has the potential for super sensitive phase estima-
tion; clearly the phase estimate of Eq. 88 is sub-HL. This is
seemingly a violation of the bound set for quantum states. It
has been argued that such a limitation, based on the heuristic
photon number-phase relation ∆φ∆N ≥ 1, is reasonable in
the case of definite photon number (finite energy) but proves
to be an incomplete analysis when considering the effect
of photon-number fluctuations. Hoffman25 suggests a more
direct definition of the limit on phase estimation for quantum
states in terms of the second moment of nˆ, ∆ϕ = 1/〈nˆ2〉. This
provides better sensitivity in phase measurements than the
HL as 〈nˆ2〉 contains direct information about fluctuations that
〈nˆ〉2 does not. In fact this is why parity-based measurement
yields greater sensitivity: it contains all moments of nˆ. For
the case of the TMSVS, the Hoffman limit is given by
∆φ = 1/
√
2n¯(n¯+1). With parity-based detection, sensitivity
of the phase estimate is better than allowed by the HL but is
never better than the Hoffman limit (the sub-HL sensitivity
is prominent for low (but still > 1) average photon numbers
but asymptotically converges to the HL for φ = 0). It was
pointed out by Anisimov et al.31 as well as Gerry et al.53
that the TMSVS, using parity measurements, has superior
phase sensitivity near φ = 0 but degrades rapidly as the phase
difference deviates from zero as shown in Fig. 8, making
the state sub-optimal for interferometry. On the other hand,
the case in which one has parametric down-conversion with
coherent states seeding the signal and idler modes, or two-
mode squeezed coherent states (TMSCS), was considered
by Birrittella et al.54 who found a measurement resolution
and phase sensitivity dependent on a so-called cumulative
phase (the sum of the initial field phases) that yields, for low
squeezing, sub-SQL phase sensitivity that does not degrade
like the TMSVS does as the phase deviates from zero for the
optimal choice of cumulative phase. The cumulative-phase-
dependent state statistics and entanglement properties of the
state resulting from coherently-stimulated down-conversion
with a quantized pump field has been studied by Birrittella
et al.55, however the state has not yet been considered in the
context of interferometry.
Another correlated two-mode state that has been extensively
studied in the context of interferometry and metrology are the
pair coherent states (PCS)56, or circle states, which have the
form
|ζ 〉=N
∫ 2pi
0
|
√
ζeiθ 〉 |
√
ζe−iθ 〉dθ , (89)
where |
√
ζe±iθ 〉 are the Glauber coherent states. In terms of
the number state basis, the PCS can be written as
|ζ 〉= 1√
I0 (2|ζ |)
∞
∑
n=0
ζ n
n!
|n,n〉a,b , (90)
where I0 (2|ζ |) is the modified Bessel function of order zero
and ζ is a complex number defined such that |ζ 〉 is a right-
eigenstate of the joint photon-annihilation operators aˆbˆ |ζ 〉 =
15
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FIG. 8. Phase uncertainty using parity-based detection for the input
two-mode squeezed vacuum state. For phases close to zero, the phase
uncertainty yields sub-HL sensitivity, however rapidly degrades as
the phase deviates from zero.
ζ |ζ 〉 and (aˆ†aˆ− bˆ†bˆ) |ζ 〉= 057. Such a state has been shown
to exhibit sub-Poissonian statistics which results in sub-SQL
phase uncertainty, enhanced measurement resolution and a
high signal-to-noise ratio: results very close to those obtained
from input twin-Fock states53. Furthermore, the PCS does not
display the degradation of phase sensitivity as φ deviates from
zero as the TMSVS does, making it more stable for interfer-
ometric measurements. The problem, however, lies in gener-
ating such a state. Several schemes have been proposed, most
notably a scheme involving the use of third order cross-Kerr
coupling between coherent states and the implementation of a
state-reductive measurement58, resulting in the projection of
the PCS in bursts. Currently, the PCS has yet to be experi-
mentally realized.
D. Coherent light mixed with a squeezed vacuum state
The original interferometric scheme for reducing measure-
ment error was proposed by Caves59 in the context of grav-
itational wave detection. Here we consider the case in which
the input state is a product of coherent light in one port and
a single-mode squeezed vacuum state (SVS) in the other,
given by |SVS〉 = ∑∞N=0 SN |N〉 with average photon number
n¯SVS = sinh2 r, and with state coefficients
SN = (−1)N/2
[
N!
2N
(N
2 !
)2 tanhN rcoshr
]1/2
cos2 (Npi/2) , (91)
where once again the parameter r is the squeeze parameter.
Such a state can be generated by beam splitting a TMSVS;
the resulting two-mode state is a product of two single-mode
SVS offset from each other by a pi-phase shift60. The initial
state is then |in〉 = |α〉a ⊗ |SVS〉b with state coefficients as
per Eq. 56 given by C(1)n C
(2)
p = e−|α|
2/2 αn√
N!
×Sp. This choice
of input state has been shown to produce the ECS after the
first beam splitter37 and has been studied extensively by Pezzé
et al.61 who considered a Bayesian phase inference protocol
and showed that the phase sensitivity saturates the CRB and
go on to demonstrate that the phase sensitivity can reach the
HL ∆φ ∼ 1/n¯tot independently of the true value of the phase
shift. As the input state is path-symmetric26, it is sufficient to
determine the CRB through calculation of the classical Fisher
information, which they found for a single measurement to be
F(1) (φ) =
∞
∑
Nc,Nd
1
P(Nc,Nd |φ)
(
∂P(Nc,Nd |φ)
∂φ
)2
= |α|2e2r + sinh2 r, (92)
where P(Nc,Nd |φ) is the conditional probability of measuring
Nc photons in one output mode and Nd in the other and is given
in terms of the Wigner-d rotation elements (see Appendix B)
by
P(Nc,Nd |φ) = e−|α|2
∣∣∣∣∣ 2 j∑n=0 α
2 j−n
(2 j−n)!Sn d
j
m, j−n (φ)
∣∣∣∣∣
2
, (93)
with j = (Nc+Nd)/2 and m = (Nc−Nd)/2. For the regime
in which both input ports are of roughly equal intensity |α|2 '
sinh2 r = n¯tot/2,and assuming large r such that n¯tot ' e2r/2 it
can be shown
∆φmin =
1√
n¯tot
(
n¯tot+ 12
) large n¯tot−−−−−→ 1n¯tot = ∆φHL. (94)
The same scheme was considered by Birrittella et al.62 using
photon-number parity performed in the output b-mode as the
detection observable. In particular, they studied a regime in
which the two-mode joint-photon number distribution was
parameterized such that the it was symmetrically populated
along the borders with no population in the interior, mimick-
ing the case of the N00N state generated after the first beam
splitter. The parameters α and r were chosen to be relevant to
an experiment performed by Afek et al.63 based on the N00N
state within the superposition of N00N states (found in the
output state of the first beam splitter) in which they obtained
high phase sensitivity and super-resolution. They achieved
this measurement scheme by counting only the coincident
counts where the total photon numbers counted added up
to the selected value of N. In other words, they measured
〈aˆ†aˆbˆ†bˆ〉out but retained only the counts where if one detector
detects m photons, the other detects N −m, and where all
other counts 6= N are discarded. They reported sub-SQL
phase sensitivity with this scheme as well as super-resolved
measurement. It is worth pointing out, however, that this
tends to work better for low average photon numbers as the
large-photon-number case cannot be reasonably expressed as
a superposition of N00N states.
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With parity measurements performed on one of the output
beams, it is not necessary nor possible to restrict oneself to
a definite N-photon N00N state, which can be advantageous.
The total number of photons inside the interferometer for
this input state is indeterminate, but the Heisenberg limit
is approached in terms of the average of the total photon
number. It has been shown by Seshadreesan et al.64 that
photon-number parity-based interferometry reaches the HL in
the case of equal-intensity light incident upon a 50:50 beam
splitter. The use of photon-subtracted squeezed light in one
of the input ports has also been studied by Birrittella et al.65
who showed the state after the first beam splitter resembled
an ECS of higher average photon number than that generated
through the use of a squeezed vacuum state.
Next we will consider the case in which purely classical light
is initially in one mode and the most quantum of quantized
field states, a Fock (or number state), is initially in the other.
E. Coherent light mixed with N photons
Next we consider the choice of input state |in〉= |α〉a⊗|N〉b,
that is, coherent light in the input a-mode and a Fock state
of N photons in the input b-mode. This was studied by Bir-
rittella et al.62 in the context of parity-based phase estima-
tion. In terms of Eq. 56, the two-mode state coefficients are
C(1)n C
(2)
q = e−|α|
2/2αn/
√
n!× δq,N , which in terms of the an-
gular momentum basis states can be written as
|in〉= e− 12 |α|2
∞
∑
j=N/2,..
α2 j−N√
(2 j−N)! | j, j−N〉 , (95)
where the sum over j includes all half-odd integers. It is worth
pointing out a characteristic of this particular state upon beam
splitting. Consider the state after the first beam splitter, given
by (see Appendix A 2) |out, BS 1〉= e−ipi2 Jˆx |in〉. For the spe-
cial case of N = 1, this state can be written as
|out, BS 1〉N=1 = e−
1
2 |α|2
∞
∑
n=0
∞
∑
q=0
( α√
2
)n( iα√
2
)q
√
n!p!
×
× (1−δn,0δq,0) γn,q |n,q〉a,b , (96)
where the factor γn,q is given by
γn,q =
4i(−1)1−q 2n+q+1n!
α (n+q+1)! 2
F˜1 (2,n+1;2−q;−1) , (97)
and where 2F˜1 (a,b;c;z) is a regularized hypergeometric func-
tion (see Appendix B 1). For n = q, this function is identi-
cally zero ∀q 6= 0. Note that the term n = q = 0 is a term
that does not appear in the sum in Eq. 96 (due to the presence
of the N = 1 initial state). This coincides with a line of de-
structive interference along the diagonal line n = q resulting
in a bimodal distribution. This effect persists for odd values
of N resulting in a symmetric (assuming 50:50 beam splitter)
(N+1)-modal distribution with the peaks of the distribution
migrating towards the respective axes. The same structure
of distribution occurs for even N as well, however lines of
contiguous zeroes do not occur. This is worth noting since a
distribution like this is reminiscent of the well known twin-
Fock state input case, discussed earlier, in which the state af-
ter beam splitting are the so-called arcsine, or "bat", states49.
It has long been known that the input twin-Fock state case,
and states with similar distributions post-beam splitter, leads
to sub-SQL sensitivity24333449.
(a)
(b)
FIG. 9. Expectation value of the parity operator taken with respect
to the output b-mode for an input state |in〉= |α〉a |N〉b for (a) N = 1
and (b) N = 8. Note the narrowness of the peak for increasing |α|
and N.
1. Measurement resolution using parity-based detection
Once again we consider the use of photon-number parity per-
formed on the output b-mode as our detection observable. Us-
ing in input state of Eq. 95, the expectation value of the parity
operator can be computed from Eqs. 58 and 59 to find
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〈Πˆb (φ)〉N = (−1)N e−|α|
2
∞
∑
j=N/2,..
|α|2(2 j−N)
(2 j−N)! d
j
j−N, j−N (2φ) .
(98)
In the special case of N = 0, we obtain the result found by
Chiruvelli and Lee66 and discussed by Gao et al.67, which will
be expanded upon in greater detail in the following section.
For small angles, φ → 0, 〈Πˆb (0)〉0→ 1 but becomes narrower
about φ = 0 for increasing values of |α|, as seen in Fig. 9. The
signal is not super-resolved in the usual sense of having oscil-
lation frequencies scaling as Mφ for integer M > 1. However,
compared with the corresponding result for output subtrac-
tion, we can see the signal for parity measurement is much
narrower, seen in Fig. 11. It is in this sense that Gao et al.67
interpret parity-based measurement to be super-resolved. Fur-
thermore, for arbitrary N, the parity of the state is reflected by
the expectation value of the parity operator evaluated at φ = 0:
〈Πˆb (0)〉N = (−1)N . The peak (or trough) centered at φ = 0
also narrows for increasing values of N. This can also be seen
in Fig. 9.
2. Phase uncertainty: approaching the Heisenberg limit
We begin with an analysis of the phase uncertainty obtained
by computation of Eq. 60 with Jˆz as the detection observ-
able. Plugging in the coefficients obtained using Eq. 58 for
this choice of initial state and using Eq. 59 yields a phase un-
certainty
∆φJˆz =
√
|α|2+N (1+2|α|2 sin2 φ)
|(|α|2−N)sinφ | . (99)
For N = 0, we recover the well known SQL. What is impor-
tant to note about Eq. 99 is that for fixed |α| the optimal noise
reduction achievable is the SQL and occurs only for the case
of N = 0. For other values of N, the noise level rises to above
the SQL. In particular, if the initial average photon numbers
of the two modes are around the same value, i.e. |α|2 ' N,
the noise level becomes very high.
Parity-based detection fares quite a bit better. The phase
uncertainty in this case is computed numerically using
Eq. 60 with Πˆb as the detection observable. The phase
uncertainty, along with corresponding SQL and HL,
∆φSQL = 1/
√
|α|2+N and ∆φHL = 1/
(|α|2+N) respec-
tively, are plotted for several different values of N in Fig. 10.
The largest gain in sensitivity is achieved in the case of going
from N = 0, wherein the phase uncertainty falls along the
SQL, to N = 1, where the phase uncertainty is sub-SQL. The
noise reduction approaches the HL for increasing values of
N.
One can also calculate the QFI using Eq. 54 and subsequent
qCRB, which we remind the reader is independent of detec-
tion observable and depends solely on the choice of initial
state, to find the minimum phase uncertainty attainable62
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FIG. 10. Phase uncertainty computed with phase φ = 10−4 for the
input state |in〉= |α〉a |N〉b, with accompanying SQL and HL, for (a)
N = 1 and (b) N = 8. In the limit of N → ∞, the phase uncertainty
approaches the HL. The blue line in each figure also corresponds to
the qCRB for this choice of initial state.
∆φmin =
1√
|α|2+N (1+2|α|2) . (100)
This result follows the blue curve corresponding to parity-
based phase sensitivity in Fig. 10 precisely for small values
of the phase. It is worth pointing out that for small α , the
phase uncertainty scales as 1/
√
N, which follows the SQL.
F. Interferometry with strictly classical (coherent) light
So far we have investigated the use of several different
quantum states of light as our initial state to the MZI and
have shown sub-SQL phase sensitivity in all cases when
considering parity-based detection. Now we will turn our
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attention to the case where strictly classical light is used. It
is well known that this case will yield phase sensitivities at
the SQL, the greatest sensitivity attainable using classical
light, for the optimal choice of phase when considering
intensity-difference measurements. So the question is: what
is to be gained by considering the use of photon-number
parity? Here we will endeavor to shed some light on this
question.
We start by considering coherent light in one of the input
ports of the interferometer, making our initial state |in〉 =
|α〉a⊗ |0〉b, where once again the coherent state is given by
|α〉 = e−|α|2/2∑∞n=0 α
n√
n!
|n〉. Considering the transformation
of Eq. 55 in which the beam splitters are of Jˆx-type, the state
after the first beam splitter is given by (see Appendix A 3)
|α〉a |0〉b BS 1−−→ | α√2 〉a |−
iα√
2
〉
b
, (101)
and the state after the accumulated phase shift in the b-mode
(the Jˆz operation introduces an anti-symmetric phase shift of
±φ/2 in each mode, which can be treated as a phase shift of
φ in one arm of the MZI without loss of generality) is given
by
| α√
2
〉
a
| iα√
2
〉
b
φ -shift−−−→ | α√
2
〉
a
|− iαeiφ√
2
〉
b
. (102)
Finally, the state after the second beam splitter is
| α√
2
〉
a
|− iαeiφ√
2
〉
b
BS 2−−→ |α2
(
1+ eiφ
)〉a | iα2 (1− eiφ)〉b . (103)
Next we compare the phase uncertainty obtained using
two different detection observables: taking the intensity-
difference between modes and performing photon number
parity on one of the output modes.
1. Difference in output mode intensities
The intensity of a quantized field is proportional to the aver-
age photon number of the quantum state of the field68, I ∝ 〈nˆ〉.
Consequently, the difference between mode intensities at the
output of the second beam splitter can be written as δ I ∝
〈aˆ†aˆ− bˆ†bˆ〉. In terms of the su(2) Lie algebra, this amounts to
the expectation value of the operator 2Jˆz. Using Eq. 103, the
mode intensities are given given by 〈nˆa(b)〉 = n¯02 (1± cosφ)
where n¯0 = |α|2 (note we are assuming a lossless interferom-
eter such that n¯0 = 〈nˆa〉+ 〈nˆb〉 is conserved) leading to the
average value 〈2Jˆz〉 = n¯0 cosφ . It is also straight-forward to
show that 〈(2Jˆz)2〉 = n¯0 (1+ 〈2Jˆz〉cosφ). Combining these
expressions and Eq. 60 yields a phase uncertainty
∆φ2Jˆz =
√
〈Jˆ 2z 〉−〈Jˆz〉2
|∂φ 〈Jˆz〉 |
=
1√
n¯0|sinφ | , (104)
which yields the SQL of phase sensitivity for the value of
the phase φ = pi/2, which means that the detection of small
phase shifts, such as what would be expected in gravitational
wave detectors, would have a high degree of uncertainty. Of
course, one could compensate for this by inserting a pi/2-
phase-shifting element which would have the effect of replac-
ing the sinφ with a cosφ in Eq. 104. It is worth pointing out
that the fact that ∆Jˆz does not vanish is an indication that the
quantum fluctuations of the vacuum (note the coherent state
has the same quantum fluctuations as the vacuum) has the ef-
fect of limiting the precision of the phase-shift measurement.
Next we consider the use of parity, performed on the output
b-mode, as our detection observable.
2. Parity-based detection
We define parity with respect to the b-mode as Πˆb = (−1)bˆ
†bˆ
and likewise for the a-mode Πˆa = (−1)aˆ
†aˆ. From this the
corresponding expectation values and their first derivatives are
found to be66
〈Πˆa(b)〉= e−n¯0(1±cosφ), (105)
∂φ 〈Πˆa(b)〉=±n¯0 sinφ 〈Πˆa(b)〉 , (106)
Noting that 〈Πˆ2a(b)〉 ≡ 1, the phase uncertainty can immedi-
ately be found from the error propagation calculus
∆φΠˆa =
√
1−〈Πˆa〉2
|∂φ 〈Πˆa〉 |
=
√
e4n¯0 cos2 φ/2−1
n¯0|sinφ | , (107)
∆φΠˆb =
√
1−〈Πˆb〉2
|∂φ 〈Πˆb〉 |
=
√
e4n¯0 sin2 φ/2−1
n¯0|sinφ | . (108)
The curves for both 〈Πˆa(b)〉 are displaced from one another
by a pi-phase shift, as evident by Eq. 105. This implies that
while the peak for 〈Πˆb〉 occurs at φ = 0, the peak for 〈Πˆa〉
occurs at φ = pi . We can expand Eqs. 107 and 108 about their
respective optimal phase values to find
∆φΠˆa
φ→pi' 1√
n¯0|cosφ |
, (109)
∆φΠˆb
φ→0' 1√
n¯0|cosφ |
, (110)
which is in agreement with the minimum phase uncer-
tainty attainable for this choice of initial state, the qCRB.
This can be quickly verified by calculating the QFI using
Eq. 54 to immediately give the SQL ∆φmin = 1/
√
n¯0 =∆φSQL.
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FIG. 11. Comparison of measurement resolution obtained for an
input state |in〉 = |α〉a ⊗ |0〉b between scaled intensity-difference
〈2Jˆz〉/n¯0 (red, dashed) and parity 〈Πˆb〉 (blue, solid). The coherent
state amplitude is taken to be |α|= 5.
The output signal itself is not super-resolved in the usual
sense of having Nφ (N > 1) oscillation frequency scaling.
However, the narrowing of the peak when considering
parity-based measurement as opposed to the usual method
of taking the intensity-difference has been defined as a form
of super-resolution by Gao et al67. It is worth pointing
out that for input states displaying quantum properties,
such as all of the cases considered in the previous sections,
super-resolution tends towards providing a greater degree of
phase sensitivity. On the other hand, super-resolution has also
been demonstrated in the absence of entangled states using
light exhibiting strictly classical interference69. We also note
the method of photon-number parity detection has recently
been discussed in the context of SU(1,1) interferometry70.
V. EXPERIMENTAL REALIZATIONS OF PARITY-BASED
DETECTION
As emphasized in the Introduction, the parity operator,
whether in the context of atomic (or spin) systems or in the
context of photon number, is a Hermitian operator and is
therefore an observable; but one that does not have a classi-
cal analog. The being the case, the question becomes how can
parity be measured or least determined through some mea-
surement process? The obvious way to do that is through
counting the number of atoms71 in the excited (or ground),
something that can be done through a process known as elec-
tron shelving [], or counting the number of photons in an op-
tical field and raising −1 to that power. Of course, this means
that the counting itself must be possible with a resolution at
the level of a single atom or photon: a challenging prospect
for the cases where the number or atoms or photons is large.
Ideally one would like to be able to determine parity directly,
by which we mean through a technique with a readout of ±1
without directly measuring the number of atoms or photons.
This could possibly be done with quantum non-demolition
(QND) measurements. It is worth noting that QND measure-
ments can be used to measure the number of atoms or photons
as well, but what we have in mind is the measurement of parity
wherein the detector does no counting at all. As we will show,
these two mentioned methods of measuring parity, while ul-
timately yielding the same parity values, amounts to different
kinds of measurements if used to perform, for example, state-
projective measurements.
A. QND measures of atomic parity
Here we will discuss several methods of performing a QND
measure of atomic parity through the use of coupling between
the atomic system with an ancillary subsystem. We begin by
defining the even/odd atomic parity projection operators. That
is, we define the operators that project the atomic state into
even/odd numbers of excitations. These projectors are given
by
Πˆeven =
j
∑
m=− j
cos2
[ ( j+m)pi
2
]
| j,m〉〈 j,m| , (111)
Πˆodd =
j
∑
m=− j
sin2
[ ( j+m)pi
2
]
| j,m〉〈 j,m| , (112)
satisfying the POVM condition ∑i Πˆi = Iˆ. Note that j +m
represents the total number of atoms found in the excited state
while j−m represents the total number of atoms found in the
ground state. Consequently j±m takes on only integer values
such that for a given j±m, only one of the projectors will be
nonzero. These projection operators can be used to express
the atomic parity operator as
Πˆ=∑
i
λi Πˆi = Πˆeven− Πˆodd
=
j
∑
m=− j
cos [( j+m)pi] | j,m〉〈 j,m| (113)
where λi are the eigenvalues of the parity operator, respec-
tively. From Eqs. 111 and 112, it follows that
〈Πˆeven〉= 12
(
1+ 〈Πˆ〉) , (114)
〈Πˆodd〉= 12
(
1−〈Πˆ〉) , (115)
where 〈Πˆodd〉+ 〈Πˆeven〉= 1. We note here that ’parity’ is de-
fined with respect to the number of atoms found in the excited
state. That is, ’even’ parity denotes an even number of atoms
20
found in the excited state and ’odd’ parity denotes and odd
number of atoms found in the excited state. Let us move on to
consider a couple of different cases.
1. Coupling to an ancillary atomic system
Given an atomic system in which we wish to measure, de-
noted by the a-mode, we introduce an ancillary atomic system
(occupying the b-mode) prepared in an atomic coherent state
|τ, jb〉b as well as the coupling Hamiltonian and correspond-
ing evolution operator:
Hˆ = h¯χ
(
Jˆa0 + Jˆ
a
z
)(
Jˆb0 + Jˆ
b
z
) → Uˆ = e−itHˆ/h¯, (116)
where χ is the coupling strength. This interaction Hamilto-
nian can be thought of as the atomic analog to the field cou-
pling cross-Kerr interaction. We define the initial state as
|initial〉= |ψ〉a⊗|τ, jb〉b =
ja
∑
m=− ja
C( ja)m | ja,m〉a⊗
⊗ (1+ |τ|2)− jb jb∑
m′=− jb
(
2 jb
jb+m′
)
τ jb+m
′ | jb,m′〉b .
(117)
Note that we wish to make a projective measurement on the
ancillary atomic system (b-system) in order to determine the
atomic parity of the target system (a-system). The final state
is then
|final〉= e−itHˆ/h¯ |initial〉
=
ja
∑
m=− ja
C( ja)m | ja,m〉a⊗|τe−itχ( ja+m), jb〉b . (118)
For the choice of χt→ pi , this becomes
|final〉= |ψeven〉a |τ, jb〉b+ |ψodd〉a |−τ, jb〉b
=
ja
∑
m=− ja
[
cos2
(
( ja+m)pi
2
)
|τ, jb〉b +
+ sin2
(
( ja+m)pi
2
)
|−τ, jb〉b
]
C( ja)m | ja,m〉
=
ja
∑
m=− ja
C( ja)m | ja,m〉a |Φm〉b . (119)
The system is entangled such that a projection onto the ancil-
lary atomic system yielding the ACS characterized by param-
eter −τ will project out odd atomic states in the target system
and projection onto the ACS characterized by parameter +τ
will project out even atomic states in the target system. What
we require is a means of determining which state the ancil-
lary atomic system is in. Let us assume the ancillary atomic
coherent state is prepared such that τ = −1; this corresponds
to a separable state in which all atoms of the ancillary atomic
system are in the same superposition state
e−i
pi
2 Jˆy | j,− j〉= |−1, j〉= |ψ−〉⊗N = 12N/2 (|g〉− |e〉)
⊗N .
(120)
Similarly, we can also define the phase-rotated atomic coher-
ent state
e−i
pi
2 Jˆy | j, j〉= |1, j〉= |ψ+〉⊗N = 12N/2 (|g〉+ |e〉)
⊗N . (121)
With this, we can rewrite the state |Φm〉b, assuming τ = −1,
as
|Φm〉b = cos2
(
( ja+m)pi
2
)
|−1, jb〉b+ sin2
(
( ja+m)pi
2
)
|1, jb〉b
= cos2
(
( ja+m)pi
2
)
e−i
pi
2 Jˆ
b
y | jb,− jb〉b+
+ sin2
(
( ja+m)pi
2
)
e−i
pi
2 Jˆ
b
y | jb, jb〉b . (122)
It is important to note that only a single term in the superposi-
tion state Eq. 122 can be present at a time. Performing a single
pi/2-pulse yields the ancillary atomic system in the state
ei
pi
2 Jˆ
b
y |Φm〉b =

cos2
(
( ja+m)pi
2
)
| jb,− jb〉b , ja+m even
sin2
(
( ja+m)pi
2
)
| jb, jb〉b , ja+m odd
(123)
where ja +m is an integer corresponding to the number of
excited atoms. A state-reductive measurement performed on
the ancillary atomic system would inform the experimenter
of the parity of the target system without providing explicit
knowledge of the value of ja +m. Note that this works for
an arbitrary value of jb; the ancillary atomic system can be
as small as a single atom. Next we will discuss a method
involving a known coupling Hamiltonian readily capable of
being experimentally implemented.
2. Coupling to a field state
Some work has been done in developing a QND measure of
photon number parity and a means of projecting out parity
eigenstates in optical fields72. Similarly, QND parity mea-
surements have been performed in the context of error correc-
tion for a hardware-efficient protected quantum memory using
Schrödinger cat states73 as well as a fault-tolerant detection of
quantum error74. Parity measurements have also been utilized
in the entanglement of bosonic modes through the realization
of the eSWAP operation75 using bosonic qubits stored in two
superconducting microwave cavities76. Here will consider a
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similar scheme in which one couples the target atomic sys-
tem to an ancillary field state. The interaction Hamiltonian
coupling the two subsystems is given by
Hˆ = h¯χ bˆ†bˆJˆz → Uˆ = e−i th¯ Hˆ , (124)
where {bˆ, bˆ†} are the usual boson annihilation and creation
operators, respectively. Consider an ancillary field state, given
by the usual coherent state
|α〉b = e−
1
2 |α|2
∞
∑
n=0
αn√
n!
|n〉b . (125)
Following the same procedure as the previous section and set-
ting χt = pi this coupling Hamiltonian yields the final state
|final〉= Uˆ |initial〉=
j
∑
m=− j
C( j)m | j,m〉a⊗|(−1)mα〉b . (126)
The final entangled state will depend greatly on the value of
j. More specifically, noting N = 2 j, this simplifies to
|final〉=

|ψodd〉a |−α〉b+ |ψeven〉a |α〉b j = 0,2,4..., N = 0,4,8, ...
|ψeven〉a |−α〉b+ |ψodd〉a |α〉b j = 1,3,5..., N = 2,6,10, ...
|ψeven〉a |−iα〉b+ |ψodd〉a |iα〉b j = 12 , 52 , 92 ..., N = 1,5,9, ...
|ψodd〉a |−iα〉b+ |ψeven〉a |iα〉b j = 32 , 72 , 112 ..., N = 3,7,11, ...
(127)
In order for this procedure to be applicable, the total number
of atoms involved must be known with certainty as the re-
sulting superposition state and subsequent detection scheme
will greatly depend on having this information. As a proof of
concept, let us consider the case where the number of atoms
is N = 0,4,8, ... . As per Eq. 127, the final state is given by
|final〉 = |ψodd〉a |−α〉b + |ψeven〉a |α〉b. Mixing the field at a
50:50 beam splitter with an equal-amplitude phase-adjusted
coherent state |α〉c. Assuming a 50 : 50 Jˆy-type beam splitter
of angle −pi/2 (see Appendix A 3), the beam splitter (labeled
BS 2 for reasons that will become clear) results in the trans-
formation
|α〉b |α〉c BS 2−−→ |
√
2α〉b |0〉c ,
(128)
|−α〉b |α〉c BS 2−−→ |0〉b |
√
2α〉c .
The total state is now given by
|final〉BS2 = |ψodd〉a |0〉b |
√
2α〉c+ |ψeven〉a |
√
2α〉b |0〉c ,
(129)
in which all photons are in either one optical mode or the
other. A simple detection scheme informs the experimenter
of the parity of the target atomic system. Upon a state reduc-
tive measurement performed on the optical modes, the atomic
system becomes
|Ψ〉a =

|ψeven〉a , b-mode click
|ψodd〉a . c-mode click
(130)
The optical fields |α〉b and |α〉c used in this procedure can be
derived from the same beam if one starts with the state |√2α〉c
and uses a 50 : 50 Jˆy-type beam splitter of angle +pi/2 such
that
|
√
2α〉b |0〉c BS 1−−→ |α〉b |α〉c . (131)
After beamsplitting, the b-mode coherent state can be cou-
pled with the target atomic system before being photomixed
with the coherent state |α〉c at the second beam splitter. This
method would allow one to determine the parity of the atomic
system without explicit knowledge of the number of exicted
atoms j+m.
B. Detection of photon parity
As mentioned above, one way to obtain photon number
parity is perform photon number counts ncount and raise −1
to that power: Πmeasured = (−1)ncount . That raises the issue
of the general lack of photon number counting techniques
having resolution at the level of one photon. Yet there are
ways around this problem. In fact, an experiment to detect
a phase shift through optical interferometry using coherent
22
 
 
 
 
 
 
Preparation 
 
 
 
 
 
 
MZI 
 
 
 
 
 
 
Measurement 
 
  
 
 
SiPM 
LASER 
BPF 
CNDF 
P P 
SMF 
PS 
FIG. 12. A schematic of the experimental setup used by Cohen et
al. The coherent states are produced by a Ti:Sapphire laser with av-
erage photon numbers controlled by a calibrated neutral density filer
(NDF) and the MZI is composed from two polarizers P at 45◦ and
a phase shifter. What is defined in the text as the output a-mode is
filtered spectrally by 3 nm band pass filter (BPF) and spatially by a
single mode fiber (SMF). This mode is detected by the silicon pho-
tomultiplier. Figure taken from Cohen et al.77 with permission from
the authors.
light and parity measurements was performed a few years
ago by Eisenberg’s group at Hebrew University77. Recall
from above, and from Gao et al.67, that parity measurements
performed in this context are predicted to result in phase-shift
detections that are super-resolved even though the phase
sensitivity is at the SQL. The experiment of L. Cohen et al.77
confirm this.
In the experiment reported, the phase shift to be detected
was set to be pi . If we look at Eqs. 107 and 108, and based
on the discussion to follow, we see that with our labeling
scheme, we should be performing parity measurements
on the output a-mode. That is, for φ near pi , we have
〈Πˆa〉 = e−n¯0(1+cosφ) ' e−
n¯0
2 (φ−pi)
2
, where n¯0 is the total
number of photons within the interferometer, which peaks at
unity for φ → pi . In this limit ∆φ → 1/√n¯0, the SQL.
These authors also measured a different kind of parity in
which the outcomes are either no photons detected, as de-
scribed by the projector |0〉〈0|, or any number of photons de-
tected but without resolution,∑∞n=0 |n〉〈n|= I−|0〉〈0|. Defin-
ing Zˆ = |0〉a 〈0|, from the output state given in Eq. 103 we find
the probability of there being no photon detections to be
P0 (φ) = 〈Zˆ〉out = e−
n¯0
2 (1+cosφ)
φ→pi' e− n¯04 (φ−pi)2 . (132)
From the error propagation calculus one easily finds for
φ → pi , the phase uncertainty is given by ∆φa → 1/
√
n¯0,
which is also shot-noise limited. Evidently the two observ-
ables give similar results for the case of input coherent light.
The experimental setup used by Cohen et al.77 is detailed in
Fig. 12. The coherent inputs are produced by a Ti:Sapphire
laser with a calibrated variable neutral density filter (NDF)
employed to control the average photon numbers. The
MZI consists of two polarizers at 45◦ and the phase-shift is
produced by tilting the calcite crystal. The output mode to
be measured is band pass filtered (BPF) and spatially filtered
by a single mode fiber (SMF). This mode was detected by
a silicon photomultiplier consisting of an array of beam
0.7 0.8 0.9 1.0 1.1 1.2 1.3
0.0
0.2
0.4
0.6
0.8
1.0
0.2
0.4
0.6
0.8
1.0
(b)
P
0
Phase [rad/ ]
P
ar
ity
(a)
FIG. 13. Expectation values of the parity operator as well as the
no-photons-detected projector Zˆ. For each curve the average photon
numbers are: 4.6±0.2 (purple, square), 25±1 (red, circle), 200±8
(blue, triangle), 1,190±50 (pink, inverted triangle) and 4,150±150
(green, rhombus). The classic interference curves are presented in
black-dashed lines on each plot. Errors are not shown as they are
too small to be represented. Figure taken from Cohen et al.77 with
permission from the authors.
splitters and single-photon detectors. Such an arrangement
for photon counting with a resolution at the single-photon
level is described in Kok and Lovett78. See also the review
of photon detection by Silberhorn79. For the fine details of
the experiment, we refer the reader to the paper by Cohen et
al.77.
The expectation values of the parity operator Πˆa (in our
notation) and Zˆ are plotted in Fig. 13 for several values of
average photon number. The predicted narrowing around
the peak at φ = pi is evident, though the degradation of
the visibility for high average photon number is due to the
imperfect visibility of the interferometer itself as well as dark
counts. Plots of the corresponding phase uncertainties for
n¯0 = 200 are found in Fig. 14. Note that the peak at φ = pi
is wider for P0 than for parity. Finally in Fig. 15 the results
are summarized for resolution and sensitivty showing that,
in part (a), parity yields greater resolution thatn P0. That is,
for parity-based measurement, resolution reachs λ288 where
λ = 780 nm is the wavelength of the laser light, which is
a factor of 1/144 improvement (smaller) over the Rayleigh
limit λ/2. The resolutions in the two cases differ by the
expected amount
√
2, On the other hand, as can be seen in
part (b) of Fig. 15, parity has a larger deviation from the SQL
as compared to P0. In fact, up to 200 photons, sensitivity of
P0 is maintained at the SQL.
We mention that in recent years considerable effort has
been directed towards the development of photon-number-
resolving detectors. These include superconducting tran-
sition edge detectors80, loop detectors81, detection by
multiplexing82, an array of avalanche photodiodes (APDs)83
and an array of single-photon detectors84. This list by no
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FIG. 14. Phase uncertainties obtained through experimental data for
n¯0 = 200 (blue, square) as a function of the phase φ for both parity
(left-most) and no-photons-detected probability P0 (right-most). Fits
based on the theory are represented by solid black lines and a correc-
tion made to account for imperfect visibility (see Eq. 9 in Cohen et
al.77) by orange-dashed lines. Errors representing the standard de-
viation in the phase uncertainty estimation process are shown when
larger than their symbols. Figure taken from Cohen et al.77 with
permission from the authors.
means exhausts the literature on this topic. In principle one
could avoid photon counting entirely and instead perform
a quantum non-demolition measurement of photonic parity
in the same vain as discussed in Section V A pertaining to
atomic parity. This possibility has been discussed by Gerry
et al.72 as an extension of a technique proposed for the QND
measurement of photon number85. The problem with these
techniques is that they depend on a cross-Kerr interaction
with a large third order nonlinearity which does not exist in
optical materials.
But there is yet another possibility first mentioned by Cam-
pos et al.49 in their analysis of interferometry with twin-Fock
states. Recall that the Wigner function is given by W (α) =
2
pi 〈Dˆ(α)ΠˆDˆ† (α)〉; it follows for α = 0 that 〈Πˆ〉 ≡ pi2 W (0),
thus showing the expectation value of the parity operator can
be found directly by value of the Wigner function at the origin
of phase space. Now the Wigner function can be constructed
by the techniques of quantum state tomography which uses a
balanced homodyning and the inverse Radon transformation
to perform filtered back projections4. However, one does not
need the entire Wigner function: only its value at the origin
of phase space is required. Plick et al.86 have examined this
prospect in detail for Gaussian states of light.
C. Quantum random number generator
We close this section with a brief discussion of the prospect
of using photon-number resolved detection as a basis for a
quantum random number generator (QRNG) (for a discus-
sion on QRNGs, see Herrero-Collantes et al.87 and references
therein) with laser light. As is well known, laser light shone
on a 50 : 50 beam splitter cannot be the basis of a QRNG as
a matter of principle no matter the intensity of the light. The
ideal source of light is a single photon generated on demand,
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FIG. 15. (a) The resolution and (b) the smallest uncertainty, plotted
as a function of average photon number. Parity results are repre-
sented by blue squares and P0 with orange triangles. Solid lines are
the theoretical predictions. For the resolution there are no free pa-
rameters and the predictions for sensitivity use the visibility values
from the fits of Fig. 14 (the orange-dashed lines). Parity has better
resolution but larger deviation from the SQL. Errors were calculated
as before and shown when larger than their symbol. Figure taken
from Cohen et al.77 with permission from the authors.
where the photon falls on the beam splitter and then appears
randomly, i.e. is detected randomly, in one or the other output
beams. Since on-demand single photon generation is prob-
lematic in practice, QRNG devices use weak (coherent) laser
light; the idea being that on average only one photon is present
at any given time. This is a fiction, of course, as the probability
of having two photons at a time is not zero due to the photon
bunching effect68. Now consider light prepared in a coher-
ent state |α〉 by a well phase-stabilized laser. The expectation
value of the parity operator is
〈α|Πˆ|α〉= e−|α|2
∞
∑
n=0
|α|2n
n!
(−1)n = e−n¯
∞
∑
n=0
(−n¯)n
n!
= e−2n¯,
(133)
where n¯= |α|2. It is easy to show numerically that 〈Πˆ〉→ 0 as
n¯ becomes large. Another way to put it is that the probabilities
of getting even or odd photon-number parity must be equal to
1/2 for sufficiently large n¯. For arbitrary α these probabilities
are
Pe = 〈α|Pˆe|α〉= e−|α|2
∞
∑
m=0
|α|4m
(2m)!
= e−n¯
∞
∑
m=0
n¯2m
(2m)!
= e−n¯ cosh n¯ (134)
Po = 〈α|Pˆo|α〉= e−|α|2
∞
∑
m=0
|α|4m+2
(2m+1)!
= e−n¯
∞
∑
m=0
n¯2m+1
(2m+1)!
= e−n¯ sinh n¯ (135)
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where the even and odd photon number projectors are
given, respectively, by Pˆe = ∑∞m=0 |2m〉〈2m| and Pˆo =
∑∞m=0 |2m+1〉〈2m+1| and where
〈Πˆ〉= 〈Pˆe〉−〈Pˆo〉= Pe−Po = e−2n¯. (136)
The average photon number need not be very high for the
probabilities in Eq. 134 and 135 to equalize close to 1/2. In
fact, for n¯ = 9 one has Pe = Po = 0.5 after retaining seven
decimal places. For n¯ = 16, this is true to thirteen decimal
places. Thus a viable QRNG could be implemented with
efficient parity detection in a regime where the average
photon number need not be very high.
Lastly we mention that laser light prepared in a pure coherent
state is not necessary: a statistical mixture of coherent states of
the same amplitude will suffice. Consider the phase-averaged
coherent states given by the density operator
ρ =
1
2pi
∫ 2pi
0
dφ |reiφ 〉〈reiφ | , (137)
where r = |α|=√n¯. It is easily shown that
〈Πˆ〉= Tr[ρΠˆ]= 1
2pi
∫ 2pi
0
dφ
∞
∑
n=0
(−1)n | 〈n|reiφ 〉 |2
= e−n¯
∞
∑
n=0
(−n¯)n
n!
= e−2n¯, (138)
which is identical to Eq. 133.
In the next section we will discuss parity-based measurement
in the context of multi-atom spectroscopy with a particular in-
terest in the construction of high-precision atomic clocks. We
will consider both the classical case in which the atoms are
initially unentangled and prepared in the same initial state as
well as the case in which the atoms are initially entangled and
spin-squeezed. A comparison between parity and population
difference is also made in the context of enhanced measure-
ment resolution.
VI. ENHANCED MEASUREMENT RESOLUTION IN
MULTI-ATOM ATOMIC CLOCKS
We have discussed the benefit of parity-based detection in
the context of measurement resolution in two-mode optical
systems as it pertains to interferometric measurements. En-
chanced measurement resolution may also be beneficial in
the construction of highly precise multi-atom atomic clocks.
Collections of two level atoms have seen use in quantum
information88 (in the context of cold atoms) and quantum
metrology89. In this section we will endeavor to show how
parity-based measurements yields finer resolution for increas-
ingly large numbers of atoms whereas simply considering the
population difference between ground and excited states does
not. We will initially restrict the discussion to unentangled en-
sembles of atoms, where each atom is initially prepared in the
same atomic state, before considering the case of an initially
entangled ensemble. The latter case provides even greater res-
olution when parity measurements are performed.
A. Population difference for an arbitrary atomic state
Consider a general atomic state expressed in terms of a super-
position of all Dicke states | j,m〉, where the Dicke states are
defined relative to the individual atomic states in the previous
section, given by
|ψpi/2〉=
j
∑
m=− j
C( j)m | j,m〉 . (139)
Let Eq. 139 describe the state after the first pi/2-pulse in a
Ramsey interferometer, where C( j)m are the probability ampli-
tudes for obtaining each state | j,m〉. The state after the time
evolution and the final pi/2-pulse is given by
|ΨF〉= e−i
pi
2 Jˆye−iφ Jˆz |ψpi/2〉
=
j
∑
m′=− j
[
j
∑
m=− j
C( j)m e−iφmd jm′,m
(pi
2
)] | j,m′〉
=
j
∑
m′=− j
C˜( j)m′ | j,m′〉 , (140)
where C˜( j)m′ are defined within the square brackets of Eq. 140
and d jm′,m (β ) are the usual Wigner-d matrix elements given
by 〈 j,m′|e−iβ Jˆy | j,m〉. We consider the measurement resolu-
tion obtained for this general case when using 〈Jˆz〉 as our de-
tection observable. Physically, this corresponds to taking the
difference between the number of atoms in the excited and
ground states, respectively. The optical analog would be tak-
ing the difference in intensity between the two output modes
of an MZI. The expectation value of Jˆz is given by
〈Jˆz〉=
j
∑
m=− j
j
∑
p=− j
C( j)∗p C
( j)
m eiφ(m−p) ×
×
[
j
∑
m′=− j
m′d jm′,p
(pi
2
)
d jm′,m
(pi
2
)]
=
j
∑
m=− j
j
∑
p=− j
C( j)∗p C
( j)
m eiφ(m−p)×Γm,p
(pi
2
)
, (141)
where the function Γm,p (λ ) is defined by Eq. B14. Without
loss of generality90, we assume the coefficients C( j)m are real
and we obtain the result
〈Jˆz〉= γ( j) cosφ +α( j), (142)
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FIG. 16. 〈Jˆz〉 versus φ for a j = 1/2 (blue, solid) and j = 3 (red,
dashed). Note that we do not see greater resolution for larger num-
bers of atoms.
where
γ( j) = 2
j
∑
m=− j
j
∑
m′=− j
C( j)m+1C
( j)
m m′d jm′,m+1
(pi
2
)
d jm′,m
(pi
2
)
,
(143)
α( j) =
j
∑
m=− j
j
∑
m′=− j
∣∣∣C( j)m d jm′,m (pi2 )∣∣∣2m′.
For the case of an initial atomic coherent state, this yields the
expected result of Eq. 10
〈Jˆz〉ACS = j cosφ , (144)
which we plot in Fig. 16 for several values of j. Similarly,
an expression can be found for 〈Jˆ2z 〉 by using Eq. B15 which
yields
〈Jˆ2z 〉ACS =Ω( j) cos2φ +κ( j) cosφ +β ( j), (145)
where
Ω( j) = 2
j
∑
m=− j
j
∑
m′=− j
C( j)m+2C
( j)
m m′ 2d jm′,m+2
(pi
2
)
d( j)m′,m
(pi
2
)
,
κ( j) = 2
j
∑
m=− j
j
∑
m′=− j
C( j)m+1C
( j)
m m′ 2d jm′,m+1
(pi
2
)
d jm′,m
(pi
2
)
,
β ( j) =
j
∑
m=− j
j
∑
m′=− j
∣∣∣C( j)m d jm′,m (pi2 )m′∣∣∣2, (146)
Note that in neither case do we see a narrowing of the peak
regardless of the state used. The phase dependency goes as a
cosine function (to the first power) regardless of the state co-
efficients and number of atoms used. This particular detection
observable cannot yield enhanced measurement resolution re-
gardless of the initial state under consideration.
B. Parity-based resolution for an arbitrary atomic state
Let us assume our state is initially prepared such that the state
after the first pi/2 pulse is once again given by Eq. 139. The
action of the Ramsey interferometer is to transform this state
to
|ΨF〉= e−i
pi
2 Jˆye−iφ Jˆz |ψpi/2〉
=
j
∑
m=− j
j
∑
m′=− j
C( j)m d
j
m′,m
(pi
2
)
e−iφm | j,m′〉 , (147)
where the Wigner-d matrix elements d jm′,m (β ) are discussed
in Appendix B. The expectation value of the parity operator
can be expressed as
〈Πˆ〉=
j
∑
m=− j
j
∑
p=− j
C( j)m C
( j) ∗
p e−iφ(m−p)×
×
[
j
∑
m′=− j
(−1) j−m′ d jm′,m
(pi
2
)
d jm′,p
(pi
2
)]
,
=
j
∑
m=− j
j
∑
p=− j
C( j)m C
( j) ∗
p e−iφ(m−p) Fm,p
(pi
2
)
, (148)
where the term in the square brackets is given by Eq. B13.
Noting that Fm,p
(
λ → pi2
)
= (−1)2 j δ−m,p, we find for an ar-
bitrary state
〈Πˆ〉= (−1)2 j
j
∑
m=− j
C( j) ∗−m C
( j)
m e−i2φm. (149)
To aid in motivating the use of atomic parity as a detection
observable let us first revisit the result for the most ideal of
cases, that is, we analyze the measurement resolution obtained
in a Ramsey interferometer when the state after the first pi/2-
pulse is the atomic N00N state, given by
|ψpi/2〉= |ψN00N〉=
1√
2
(
| j, j〉+ eiθ | j,− j〉
)
, (150)
including an arbitrary relative phase θ . The representation of
collections of two-level atoms in terms of the su(2) Lie aleg-
bra, known as the Dicke model, is described in some detail
in Appendix A. This can be expressed as a finite sum over all
Dicke states as
|ψ〉N00N =
j
∑
m=− j
Λ( j)m | j,m〉 , (151)
where the coefficients Λ( j)m are given by
Λ( j)m =
1√
2
(
δm, j + eiθδm,− j
)
. (152)
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This state is of interest as it is the atomic analog of the op-
tical N00N state |ψ〉N00N = 1√2
( |N,0〉+ eiθ |0,N〉) (to be
discussed in greater depth), which yields the lower bound
on phase uncertainty in quantum optical interferometry: the
Heisenberg limit. This follows from the heuristic uncertainty
relation between photon number and phase ∆φ∆N ≥ 1, where
the N00N state maximizes the uncertainty in photon number,
that is, ∆N = N → ∆φ ' 1/∆N = 1/N. The action of the in-
terferometer is once again given by Eq. 147 where we assume
some means of experimentally generating the atomic N00N
state is employed prior to free evolution. Here we introduce
the atomic parity operator as Πˆ = Exp
[
ipi
(
Jˆ0− Jˆ3
)]
, with re-
spect to the number of atoms found in the ground state. We
can likewise define atomic parity in terms of the number of
atoms found in the excited state. The relationship between
the two being 〈ΠˆGround〉= (−1)2 j 〈ΠˆExcited〉. This is sensible,
since if N is even and 2n atoms are excited then 2n′ atoms
must also be in the ground state where n,n′ ∈ Z+. A similar
argument can be made for 2n+1 exicted atoms. Likewise, if
N were odd and 2n atoms are excited, then 2n′+1 must be in
the ground state, resulting in a sign difference in parity. With
this, we calculate the expectation value of the parity operator
using Eq. 149 to find
〈Πˆ〉N00N = (−1)N cos(Nφ +θ) , (153)
where N = 2 j, the total number of atoms. Here, the relative
phase θ acts as a phase shift of the interference pattern, which
now oscillates at the enhanced rate Nφ . Finer measurement
resolution, characterized by a narrowing of the peak of 〈Πˆ〉
at φ = 0 for increasing values of N, tends towards enhanc-
ing phase sensitivity in interferometric measurements. This
state would serve as the ideal, as it is maximally entangled
and yields the greatest measurement resolution for a given de-
tection observable. The problem, however, is atomic N00N
states are incredibly difficult to make. We endeavor to find
means of enhancing measurement resolution by considering
parity-based measurements performed on both unentangled
ensembles and initially entangled atomic systems.
1. Unentangled ensemble of atoms
Let us assume our state is initially prepared with all atoms
in the ground state, that is |in〉 = | j,− j〉. The action of the
Ramsey interferometer is to transform an initial state |ψ ′〉 by
|ΨF〉= e−i
pi
2 Jˆye−iφ Jˆze−i
pi
2 Jˆy |in〉
= e−i
pi
2 Jˆye−iφ Jˆz |τ =−1, j〉 , (154)
where e−i
pi
2 Jˆy | j,− j〉= |τ =−1, j〉 is the atomic coherent state
in which all of the atoms in the ensemble are in the superpo-
sition state 1√
2
( |g〉− |e〉), that is,
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FIG. 17. Expectation value of the parity operator for an initial atomic
coherent state for j = 1/2, 3, 10, 50. Note the peak becoming more
narrow as the number of atoms is increased from j = 1/2 (blue,
dashed, broadest) to j = 50 (purple, solid, narrowest).
|τ =−1, j〉= 1
2N/2
(|e〉− |g〉)⊗N=2 j
= 2− j
j
∑
m=− j
(
2 j
j+m
)1/2
(−1) j+m | j,m〉 . (155)
Let us recover the known result for an initial atomic coherent
state. Taking the state coefficients of Eq. 155 and plugging
them into Eq. 149 we find
〈Πˆ〉ACS = 4− j
j
∑
m=− j
(
2 j
j+m
)
e−i2φm (−1)4 j = d j− j,− j (2φ)
= cos2 j φ = cosN φ . (156)
This is plotted in Fig. 17. Unlike the case of simply taking the
population difference, larger numbers of atoms yields greater
measurement resolution, characterized by the narrowing of
the peak about φ = 0. Comparing Eq. 156 result to Eq. 144,
we see that population difference measurement produces an
interference cosine function raised to effectively N = 1 pho-
tons, while the use of atomic parity instead has raised to the
number of atoms N, leading to enhanced resolution at the ori-
gin as φ → 0. This can be demonstrated if we make the ap-
proximation cosN φ ∼ e−Nφ2/2 for small φ which is a Gaussian
that narrows for increasing N. We remind the reader that while
parity-based measurement yields greater resolution, this does
not translate to better phase sensitivity beyond the SQL as the
initial state is classical.
2. Entangled atomic ensemble
Now let us next consider the case where we act with the Jˆz
operator after the first pi/2-pulse. The resulting state is both
27
entangled at the atomic-state level and is known to exhibit
spin-squeezing, which has been shown to reduce projection
noise in high-precision population spectroscopy. In this case
the initial state is transformed by
|ΨF〉= e−i
pi
2 Jˆye−iφ Jˆz Jˆze−i
pi
2 Jˆy |in〉
= e−i
pi
2 Jˆy e−iφ Jˆz |τ =−1, j;1〉 , (157)
where the state
|τ =−1, j;1〉 ∝ Jˆz |τ =−1, j〉
=
(
22 j−1 j
)−1/2 j∑
m=− j
(
2 j
j+m
)1/2
(−1) j+m m | j,m〉 .
(158)
Once again, we use Eq. 149 to find the expectation value of
the parity operator
〈Πˆ〉Jˆz-op ACS =−
(
22 j−1 j
)−1 j∑
m=− j
(
2 j
j+m
)
m2e−i2φm
=− 2
pi
Γ
(
j+ 12
)
Γ( j+2)
e−i2φ
[
3F2
(
2,2,1− j;1, j+2;−e−i2φ)+
+ ei4φ 3F2
(
2,2,1− j;1, j+2;−ei2φ)] (159)
where 3F2 is the hypergeometric function given generally by
Eq. B6. Simplifying for several different values of j = N/2,
yields
j = 1/2 → 〈Πˆ〉Jˆz-op ACS =−cosφ ,
j = 1 → 〈Πˆ〉Jˆz-op ACS =−cos2 φ
(
2− cos−2 φ)
j = 3/2 → 〈Πˆ〉Jˆz-op ACS =−cos3 φ
(
3−2cos−2 φ) ,
j = 2 → 〈Πˆ〉Jˆz-op ACS =−cos4 φ
(
4−3cos−2 φ) ,
j = 5/2 → 〈Πˆ〉Jˆz-op ACS =−cos5 φ
(
5−4cos−2 φ) ,
j = 3 → 〈Πˆ〉Jˆz-op ACS =−cos6 φ
(
6−5cos−2 φ) ,
.
.
. (160)
from which we can extrapolate for N ≥ 1,
〈Πˆ〉(N)Jˆz-op ACS =−cos
N φ
[
N− (N−1)cos−2 φ] (161)
We see that for the case of an initially entangled atomic en-
semble, there is greater measurement resolution with increas-
ing number of atoms over the initially unentangled ACS case,
except for the case of j = 1/2 (N = 1) in which case both
initial states yield the same resolution. This is demonstrated
explicitly in Fig. 18 for the value of N = 2 j = 6, where we can
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FIG. 18. A comparison between expectation values of the parity op-
erator for the case of input ACS (blue, solid) and input Jˆz-op ACS
(red,dashed) for the same value of N = 2 j = 6. The resolution for
the Jˆz-op ACS is greater than the case of the ACS for all values of
N = 1.
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FIG. 19. The expectation value of the parity operator | 〈Πˆ〉 | for the
case of an initial Jˆqz -operated ACS, for N = 2 j = 26. The curves
in the figure above correspond to q = 1 (blue, outer-solid), q = 2
(red,dashed), q = 3 (purple, dotted), q = 4 (green, inner-solid). Note
the increased resolution as the initial ensemble becomes more entan-
gled.
see a narrowing of the peak about the phase origin for the same
number of atoms when considering the initially-entangled
case. This trend of enhanced resolution persists for q > 1 ap-
plications of Jˆz prior to free evolution, which further entangles
the initial atomic ensemble. For the general case of q applica-
tions of Jˆz prior to free evolution, or |in〉 ∝ Jˆqz |ζ =−1, j〉, we
can write the expectation value of the parity operator (unnor-
malized) as 〈Πˆ〉(q)Jˆz-op ACS ∝ ∑
j
m=− j
( 2 j
j+m
)
m2qe−i2φm. Compu-
tations show greater resolutions obtained for the same (large)
value of j for increasing values of q, shown in Fig. 19.
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VII. CONCLUSION
In this review article we discussed the prospect of using
parity-based measurements in phase estimation. In the
context of Ramsey spectroscopy, atomic parity is defined in
terms of number of atoms found in the excited state while in
the context of optical interferometry it is defined with regards
to the average photon number in one output mode of the
interferometer. We provide a brief discussion on the basics of
phase estimation and demonstrate how parity-based detection
saturates the quantum Cramér-Rao bound for path symmetric
states in quantum optical interferometry, making parity the
optimal observable for interferometric measurements. We
highlight the use of parity-measurements for several different
initial states comprising of both quantum and classical light
and show agreement between the phase uncertainty when
considering parity-based measurements and the quantum
Cramér-Rao bound. For all quantum states considered,
sub-SQL phase sensitivity is achieved when parity-based
measurement is considered.
We also discuss the experimental efforts made towards
measuring photon number parity in quantum optical interfer-
ometry using classical (coherent) light where the comparison
is made to another dichotomic operator corresponding to
"click"/"no click" detection. QND measures of atomic parity
are also considered through coupling to both an ancillary
atomic system that can be as arbitrarily small as a single atom
as well as coupling to a light field prepared in a coherent
state. We highlight that the latter case does not require a large
third order non-linearity and in fact utilizes a readily available
means of coupling.
We return to atomic spectroscopy in the closing section where
the emphasis is placed on the enhanced measurement reso-
lution obtained through parity-based measurement compared
to the usual method of taking the population difference be-
tween the two internal degrees of freedom available to each
atom. We show in the latter case that for arbitrary N atom ini-
tial states, the Ramsey technique cannot yield super-resolved
measurements while the former shows greater resolution for
increasingly large numbers of atoms N. Of the cases dis-
cussed, we show an initially entangled atomic ensemble yields
greater resolution for the same number of atoms than the case
in which all atoms are initially unentangled and in the same
atomic state.
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Appendix A: A brief review of the SU(2) group
1. The Dicke states
In what follows, we prepare a brief review of the so-called
Dicke states91 which provides a representation of a collection
of N two-level atoms in terms of the SU(2) "angular momen-
tum" states | j,m〉 where j = N/2, m ∈ [− j, j] and where the
internal basis states of the ith atom are {|e〉i , |g〉i}. The quan-
tity j in this context is sometimes called the cooperation pa-
rameter. Only states symmetric with respect to the permuta-
tions of the N atoms come into play in the cases considered
here. That is, the direct product of the spaces of the two-level
atoms, as given by 21⊗ 22⊗ 23⊗ ...⊗ 2N , has one symmet-
ric and generally several anti-symmetric decompositions, but
the anti-symmetric states are dynamically decoupled from the
symmetric states via the selection rules. To demonstrate the
construction of the symmetric states and connect them to the
angular momentum states, we proceed by example where we
use the ladder operators given in terms of the individual atoms
as
Jˆ+ =
N
∑
i=1
|e〉i 〈g| , Jˆ− =
N
∑
i=1
|g〉i 〈e| , (A1)
and use the relations
Jˆ± | j,m〉=
√
j ( j+1)−m(m±1) | j,m±1〉 (A2)
acting on the collective angular momentum states. In actu-
ality, multiple applications of the raising operator are used
starting from the state in which all atoms are in their ground
state.
For two atoms we have j = N/2 = 1; the state in which both
atoms are in their ground state is state in which m =− j =−1
such that | j = 1,m =−1〉= |g〉1 |g〉2, or more simply
|1,−1〉= |g〉1 |g〉2 (A3)
Applying Jˆ+ to both sides and using the above relations we
find
|1,0〉= 1√
2
(|e〉1 |g〉2+ |g〉1 |e〉2) , (A4)
and applying it again yields
|1,1〉= |e〉1 |e〉2 . (A5)
We could have obtained the same set of states had we started
with the state |1,1〉= |e〉1 |e〉2 and laddered down to |1,−1〉=
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|g〉1 |g〉2 through consecutive applications of the Jˆ−. These
are the symmetric states, or Dicke states, for the case of two
atoms. Likewise one can see that for three atoms j = N/2 =
3/2 and the Dicke states are
| 32 ,− 32 〉= |g〉1 |g〉2 |g〉3 ,
| 32 ,− 12 〉=
1√
3
(|e〉1 |g〉2 |g〉3+ |g〉1 |e〉2 |g〉3+ |g〉1 |g〉2 |e〉3) ,
| 32 , 12 〉=
1√
3
(|e〉1 |e〉2 |g〉3+ |g〉1 |e〉2 |e〉3+ |e〉1 |g〉2 |e〉3) ,
| 32 , 32 〉= |e〉1 |e〉2 |e〉3 .
(A6)
The process can be continued for any number of atoms. Note
that the extremal states | j,± j〉 are (separable) product states
whereas all other states m 6= ± j are entangled at the atomic
level.
a. The atomic coherent state
Two definitions of the atomic coherent state have been given
in the literature: one by Radcliffe92 and another by Arrechi et
al.10 The definitions invlove the action of the SU(2) "displace-
ment" operator R(θ ,ϕ) = eζ Jˆ+−ζ ∗ Jˆ− on the extremal states
ˆj,± j where ζ = θ2 e−iϕ . The angles θ , ϕ are the usual an-
gles parameterizing the Bloch sphere with 0 ≤ θ ≤ pi and
0≤ ϕ ≤ 2pi where we follow Arrechi et al. in taking θ = 0 to
be the south pole of the sphere. This operator acts on the | j, j〉
state in the case of the Radcliffe definition and on the | j,− j〉
state in the case of Arrechi et al. For these two separate def-
initions, we require two different orderings of the "disentan-
glement" expressions of the operator R(θ ,ϕ). These are
eζ Jˆ+−ζ
∗ Jˆ− =

eτ Jˆ+eln(1+|τ|
2)Jˆze−τ∗ Jˆ− ,
e−τ∗ Jˆ−e−ln(1+|τ|
2)Jˆz eτ Jˆ+ ,
(A7)
where τ = e−iϕ tan θ2 . In starting with the state | j,− j〉 we use
the upper expression on the right hand side of Eq. A7 to arrive
at
|τ, j〉= (1+ |τ|2)− j eτ Jˆ+ | j,− j〉
=
(
1+ |τ|2)− j j∑
m=− j
(
2 j
j+m
)1/2
τ j+m | j,m〉 , (A8)
and using the bottom line of the right hand side of Eq. A7 we
obtain
|−τ∗, j〉= (1+ |τ|2)− j e−τ∗ Jˆ+ | j,− j〉
=
(
1+ |τ|2)− j j∑
m=− j
(
2 j
j+m
)1/2
(−τ∗) j+m | j,m〉 .
(A9)
Note that under the replacement τ↔−τ∗, these states are the
same.
For the special case used throughout Sections II and VI where
the rotation operator e−i
pi
2 Jˆy acts on the states | j,± j〉 states,
we can set
R(θ ,ϕ) = eζ Jˆ+−ζ
∗ Jˆ− ≡ e−ipi2 Jˆy , (A10)
informing the value ζ = −pi/4 and consequently the angles
θ = pi/2 and ϕ = pi . Thus we have τ = −1 and −τ∗ = 1
which, for example, is demonstrated in Eq. 15. More simply,
one can insert a full set of states to find
e−i
pi
2 Jˆy | j,± j〉=
j
∑
m=− j
| j,m〉〈 j,m|e−ipi2 | j,± j〉
=
j
∑
m=− j
d jm,± j
(pi
2
) | j,m〉
=
(
1+ |τ|2)− j j∑
m=− j
(
2 j
j+m
)
(±1) j+m | j,m〉 ,
(A11)
where the matrix elements d jm,± j
(pi
2
)
are the Wigner-d matrix
elements found in Rose93 and given for this special case in
Eq. B11.
2. The Schwinger realization of SU(2)
Consider a two mode field with creation and annihilation
operators satisfying the usual boson commutation relations
[aˆi, aˆ j] =
[
aˆ†i , aˆ
†
j
]
= 0 and
[
aˆi, aˆ
†
j
]
= δi, j. One can introduce
the Hermitian operators
Jˆx =
1
2
(
aˆ†1aˆ2+ aˆ
†
2aˆ1
)
,
Jˆy =− i2
(
aˆ†1aˆ2− aˆ†2aˆ1
)
, (A12)
Jˆz =
1
2
(
aˆ†1aˆ1− aˆ†2aˆ2
)
,
and Nˆ = 12
(
aˆ†1aˆ1+ aˆ
†
2aˆ2
)
, satisfying the commutation relations
of the Lie algebra of SU(2):
[
Jˆi, Jˆ j
]
= iJˆkεi, j,k. (A13)
The Casimir invariant for the group can be found to be of the
form Jˆ2 = Jˆ2x + Jˆ
2
y + Jˆ
2
z =
Nˆ
2
(
Nˆ
2 +1
)
. Note that Nˆ commutes
will all operators in Eq. A12. One can also define the operator
Jˆ0 = 12 Nˆ such that Jˆ0 | j,m〉= j | j,m〉. It is also useful to recall
the action of the angular momentum operatos Jˆi on the states
| j,m〉:
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Jˆ2 | j,m〉= j ( j+1) | j,m〉
Jˆz | j,m〉= m | j,m〉 (A14)
Jˆ± | j,m〉=
√
j ( j+1)−m(m±1) | j,m±1〉 ,
where the ladder operators can be written as Jˆ± = Jˆx± iJˆy. For
bosons, we can translate between the Dicke (angular momen-
tum) states | j,m〉(a,b) and Fock states
A beam splitter transforms the boson operators associated
with each input mode according to the scattering matrix for
the device, that is
~ˆaout = Uˆ ~ˆain →
(
aˆ1
aˆ2
)
out
=
(
U11 U12
U21 U22
)(
aˆ1
aˆ2
)
in
. (A15)
Note that since the boson creation and annihilation must sat-
isfy the commutation relations both before and after beam-
splitting, the matrix Uˆ must be unitary. Let us see how this
transforms the operators of SU(2), ~J =
(
Jˆx, Jˆy, Jˆz
)
. Consider
the Jˆx-type beam splitter scattering matrix,
Uˆ =
(
cos θ2 −isin θ2
−isin θ2 cos θ2
)
=
(
t −ir
−ir t
)
, (A16)
which corresponds to a beam splitter with transmittance and
reflectivity T = cos2 θ2 and R = sin
2 θ
2 , respectively. For this
scattering matrix, ~J transforms to
JˆxJˆy
Jˆz

out
=
1 0 00 cosθ −sinθ
0 sinθ cosθ
JˆxJˆy
Jˆz

in
= eiθ Jˆx
JˆxJˆy
Jˆz

in
e−iθ Jˆx , (A17)
which amounts to a rotation about the fictitious x-axis. Note
that the last line of Eq. A17 can be verified via the use of the
Baker-Hausdorff identity
eτAˆBˆe−τAˆ = Bˆ+ τ
[
Aˆ, Bˆ
]
+
1
2
τ2
[
Aˆ,
[
Aˆ, Bˆ
]]
+ .. . (A18)
Working in the Schrödinger picture, the action of the beam
splitter corresponds to a transformation of the initial state
given by
|out, BS〉= e−iθ Jˆx |in〉 . (A19)
We can also express a two-mode state in the Fock basis in
terms of the basis states of SU(2) (angular momentum states)
using Eq. A12, yielding
Jˆz | j,m〉= m | j,m〉 → Jˆz |n,n′〉1,2 =
n−n′
2
|n,n′〉1,2 ,
(A20)
Jˆ2 | j,m〉= j( j+1) | j,m〉 → Jˆ2 |n,n′〉1,2 = n+n′2
(
n+n′
2
+1
)
,
which informs us that |n,n′〉1,2→ | j,m〉 where the values of j
and m are given by j = n+n
′
2 and m=
n−n′
2 . Inversely | j,m〉→|n,n′〉1,2 where n = j+m and n′ = j−m with n+n′ = 2 j and
m∈{− j, ..., j}. Lastly, the action of the su(2) ladder operators
in Fock basis is
Jˆ± | j,m〉=
√
j ( j+1)−m(m±1) | j,m±1〉 →
→ Jˆ± |n,n′〉1,2 =
1
2
√
(n+n′)(n+n′+2)− (n−n′)(n−n′±2)×
×|n±1,n′∓1〉1,2 .
(A21)
The connection between two-mode boson fields and the "an-
gular momentum" states of su(2) is now complete.
3. Beam splitter transformations
Throughout this paper, several different beam splitter transfor-
mations are utilized in conjunction with optical interferome-
try. Here we endeavor to show how these particular transfor-
mations affect the corresponding boson mode operators. First,
let us reconsider the scattering matrix of Eq. A16 correspond-
ing to a Jˆx-type beam splitter such that |out, BS〉= e−iθ Jˆx |in〉
as per Eq. A19. For the choices of angle θ = ±pi/2, both
corresponding to a 50 : 50 beam splitter but parameterized by
different rotations about the fictitious x-axis, the mode opera-
tors transform according to
(
aˆ′0
aˆ′1
)
=
1√
2
(
1 ∓i
∓i 1
)(
aˆ0
aˆ1
)
. (A22)
Let us consider two modes of an optical field labeled a- and
b- modes for which operators {aˆ0, aˆ′0} act on the a-mode and{aˆ1, aˆ′1} on the b-mode. For θ =±pi/2 and using Eq. A22 we
can write
aˆ′0 = 1√2 (aˆ0∓ iaˆ1) , aˆ0 =
1√
2
(
aˆ′0± iaˆ′1
)
,
aˆ′1 = 1√2 (aˆ1∓ iaˆ0) , aˆ1 =
1√
2
(
aˆ′1± iaˆ′0
)
. (A23)
Direct substitution of the mode operators in Eq. A23 yields
for the displacement operators
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Dˆa (α) = eα aˆ
†
0−α∗aˆ0 → e
α√
2
(
aˆ†′0 ∓iaˆ†′1
)
− α
∗√
2
(
aˆ′0±iaˆ′1
)
→ e
α√
2
aˆ†′0 −
α∗√
2
aˆ′0 e
∓ iα√
2
aˆ†′1 ∓
iα∗√
2
aˆ′1
→ Dˆa
( α√
2
)
Dˆb
(∓ iα√
2
)
, (A24)
Dˆb (β ) = eβ aˆ
†
1−β ∗aˆ1 → e
β√
2
(
aˆ†′1 ∓iaˆ†′0
)
− β
∗√
2
(
aˆ′1±iaˆ′0
)
→ e∓
iβ√
2
aˆ†′0 ∓
iβ ∗√
2
aˆ′0 e
β√
2
aˆ†′1 −
β ∗√
2
aˆ′1
→ Dˆa
(∓ iβ√
2
)
Dˆb
( β√
2
)
, (A25)
or noting the mode operators transform as e∓i
pi
2 Jˆx aˆ0e
±ipi2 Jˆx =
1√
2
(
aˆ0 ± iaˆ1
)
and e∓i
pi
2 Jˆx aˆ1e
±ipi2 Jˆx = 1√
2
(
aˆ1 ± iaˆ0
)
, we can
write more succinctly
e∓i
pi
2 Jˆx Dˆa (α)e±i
pi
2 Jˆx = Dˆa
( α√
2
)
Dˆb
(∓ iα√
2
)
(A26)
e∓i
pi
2 Jˆx Dˆb (β )e±i
pi
2 Jˆx = Dˆa
(∓ iβ√
2
)
Dˆb
( β√
2
)
For the case in which coherent light is incident on a beam-
splitter from each input port, |in〉 = |α〉a |β 〉b, the resulting
output state is straight forward to work out from the discus-
sion above94:
|out, BS〉= e−iθ Jˆx |in〉 θ→±
pi
2= e∓i
pi
2 Jˆx |α〉a |β 〉b
= | 1√
2
(
α∓ iβ)〉
a
| 1√
2
(
β ∓ iα)〉
b
. (A27)
The resulting state is an equal-intensity distribution of light
in each output mode, but where the reflected beam picks up
a phase shift of ±pi/2. For the case in which β → 0, the
initial state is |in〉 = |α〉a |0〉b and the output state is simply
|out〉= e∓ipi2 Jˆx |in〉= | α√
2
〉
a
|∓ iα√
2
〉.
For a Jˆy-type beam splitter such that |out〉 = e−iθ Jˆy |in〉, the
action of the scattering matrix transforms the mode operators
according to
(
aˆ′0
aˆ′1
)
=
(
cos θ2 −sin θ2
sin θ2 cos
θ
2
)(
aˆ0
aˆ1
)
θ→±pi2=
1√
2
(
1 ∓1
±1 1
)(
aˆ0
aˆ1
)
.
(A28)
leading to
aˆ′0 = 1√2 (aˆ0∓ aˆ1) , aˆ0 =
1√
2
(
aˆ′0± aˆ′1
)
,
aˆ′1 = 1√2 (aˆ1± aˆ0) , aˆ1 =
1√
2
(
aˆ′1∓ aˆ′0
)
. (A29)
Direct substitution into the single-mode displacement opera-
tors yields
Dˆa (α) = eα aˆ
†
0−α∗aˆ0 → e
α√
2
(
aˆ†′0 ±aˆ†′1
)
− α
∗√
2
(
aˆ′0±aˆ′1
)
→ e
α√
2
aˆ†′0 −
α∗√
2
aˆ′0 e
± α√
2
aˆ†′1 ∓
α∗√
2
aˆ′1
→ Dˆa
( α√
2
)
Dˆb
(± α√
2
)
, (A30)
Dˆb (β ) = eβ aˆ
†
1−β ∗aˆ1 → e
β√
2
(
aˆ†′1 ∓aˆ†′0
)
− β
∗√
2
(
aˆ′1∓aˆ′0
)
→ e
β√
2
aˆ†′1 −
β ∗√
2
aˆ′1 e
∓ β√
2
aˆ†′0 ±
β ∗√
2
aˆ′0
→ Dˆa
(∓ β√
2
)
Dˆb
( β√
2
)
, (A31)
Once again assuming coherent light initially in each port inci-
dent on a 50 : 50 beam splitter, the output state is given by
|out, BS〉= e−iθ Jˆy |in〉 θ→±
pi
2= e∓i
pi
2 Jˆy |α〉a |β 〉b
= | 1√
2
(
α∓β)〉
a
| 1√
2
(
β ±α)〉
b
. (A32)
where once again the result is an equal-intensity distribution
in both output modes. For β → 0, the output state is given by
|out〉 = | α√
2
〉
a
|± α√
2
〉, where the choice of θ = −pi/2 results
in a phase shift of pi in the reflected beam.
Appendix B: The Wigner-d matrix elements
1. Defined
Here we provide a brief discussion on the matrix elements of
an arbitrary rotation specified by an axis of rotation nˆ and
angle of rotation φ . The matrix elements, with h¯→ 1 for con-
venience, are
D jm′,m (R) = 〈 j,m′|e−iφ J ·nˆ| j,m〉 . (B1)
Since the rotation operator commutes with the Jˆ2 opera-
tor, a rotation cannot change the j value of a state. The(
2 j + 1
)× (2 j + 1) matrix formed by D jm′,m(R) is referred
to as the
(
2 j+ 1
)
-dimensional irreducible representation of
the rotation operator D
(
R
)
. We now consider the matrix re-
alization of the Euler Rotation,
D jm′,m (α,β ,γ) = 〈 j,m′|Rz f (α)Ry f (β )Rz f (γ) | j,m〉
= 〈 j,m′|e−iα Jˆz e−iβ Jˆye−iγ Jˆz | j,m〉 . (B2)
These matrix elements are referred to as the Wigner-D matrix
elements. Notice that the first and last rotation only add a
phase factor to the expression, thus making only the rotation
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about the fixed y-axis the only non-trival part of the matrix.
For this reason, the Wigner-D matrix elements are written in
terms of a new matrix
D jm′,m (α,β ,γ) = 〈 j,m′|e−iα Jˆz e−iβ Jˆye−iγ Jˆz | j,m〉
= e−i(m
′α+mγ) 〈 j,m′|e−iβ Jˆy | j,m〉
= e−i(m
′α+mγ) d jm′,m (β ) , (B3)
where the matrix elements d jm′,m (β ) = 〈 j,m′|e−iβ Jˆy | j,m〉 are
known as the Wigner-d matrix elements and are given by
d jm′,m (β ) =
((
j−m)!( j+m′)!(
j+m
)
!
(
j−m′)!
)1/2
×
×
(−1)m′−m cos2 j+m−m′ (β2 )sinm′−m (β2 )(
m′−m)! ×
×2 F1
(
m′− j,−m− j;m′−m+1;− tan2 (β2 )) ,
(B4)
with the property
d jm′m (β ) =

d jm′,m (β ) m
′ ≥ m
d jm,m′ (−β ) m′ < m
(B5)
and where 2F1
(
a,b;c;z
)
is the hypergeometric function de-
fined formally by
pFq (a1, ...,ap;b1, ...,bq;z) =
∞
∑
n=0
(a1)n ...(ap)n
(b1)n ...(bq)n
zn
n!
. (B6)
The Pochhammer symbol above is used to express (x)n =
x(x+1)(x+2) ...(x+n−1) = Γ(x+n)/Γ(x) for n≥ 1 with
the Gamma (generalized factorial) function Γ(x) = (x−1)!.
It is worth noting that in our interferometric calculations,
we naturally end up with an expression that depends on the
Wigner-d matrix elements. However, when simply dealing
with a single Jˆx beam splitter of angle θ , one encounters the
matrix elements 〈 j,m′|e−iθ Jˆx | j,m〉. This can be simplified us-
ing the relations to
〈 j,m′|e−iθ Jˆx | j,m〉= 〈 j,m′|eipi2 Jˆze−iθ Jˆye−ipi2 Jˆz | j,m〉
=D jm′,m
(−pi2 ,θ , pi2 )
= im
′−md jm′,m (θ) . (B7)
In our closing section we state a handful of useful identities
used throughout this paper.
2. Useful identities
Within the body of this review article, several simplified forms
of the Wigner-d matrix are used. The cases relevant to the
material herein are listed below:
d j− j,− j (β ) = d
j
j, j (β ) = cos
2 j
(
β
2
)
, (B8)
d jj,− j (β ) = (−1)2 j d j− j, j (β ) = (−1)2 j sin2 j
(
β
2
)
, (B9)
where we have used the identity
d jm′,m (β ) = (−1)m
′−m d jm,m′ (β ) . (B10)
We have also used the simplified form
d jm,− j
(pi
2
)
= 2− j
(
2 j
j+m
)1/2
(−1) j+m = (−1) j+m d jm, j
(pi
2
)
,
(B11)
in our derivations pertaining to Ramsey spectroscopy.
Through applications of the standard relations involving the
Wigner-d rotation elements95, it can be shown
j
∑
m′=− j
(−1) j−m′ d jj−n,m′ (−β )d jm′, j−n (β )= (−1)n d jj−n, j−n (2β ) ,
(B12)
so that in particular for n = 0 we find d jj, j (2φ) = cos
2 j φ .
This identity is used in Eq. 98 in the derivation of the
expectation value of the parity operator 〈Πˆb〉 for the input
state |α〉a⊗|N〉b.
The following functions are defined in conjunction with the
Ramsey spectroscopy derivations of Eqs. 156, 144 and 145,
respectively:
Fm,p (λ ) =
j
∑
m′=− j
(−1) j−m′ d jm′,m (λ )d jm′,p (λ )
= (−1)2 j∑
m′
d jm′,−m (pi−λ )d jm′,p (λ )
= (−1)2 j∑
m′
d jp,m′ (−λ )d jm′,−m (pi−λ )
= (−1)2 j d jp,−m (pi−2λ ) . (B13)
Γm,p (λ ) =
j
∑
m′=− j
m′d jm′,p (λ )d
j
m′,m (λ )
=
j
∑
m′=− j
m′d jm′,p (λ )d
j
m′,m (λ )(δp,m+1+δp+1,m+δp,m)
(B14)
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Λm,p (λ ) =
j
∑
m′=− j
m′ 2d jm′,p (λ )d
j
m′,m (λ )
=
j
∑
m′=− j
m′ 2d jm′,p (λ )d
j
m′,m (λ )×
× (δp,m+2+δp+2,m+δp,m+1+δp+1,m+δp,m)
(B15)
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